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ABSTRACT 


Certain  K-meson  decay  processes  are  investigated 
under  the  assumption  that  the  enhancement  of  the  basic 
first-order  process  is  a  result  of  pion-pion  interactions. 
The  s-wave  tt-tt  scattering  process  is  parametrized  by  means 
of  plausible  K-tt-tt  form  factors,  the  parameters  are  ad¬ 
justed  to  predict  the  experimentally  observed  K$  -  K2  mass 
difference,  and  the  corresponding  s-wave  phase  shifts  are 
calculated.  The  form  factors  used  are  found  to  tend  to 
lead  to  small  positive  tt-tt  scattering  lengths  and  small 
values  of  the  s-wave  phase  shift  at  a  tt-tt  energy  equal  to 
the  kaon  mass.  In  K+-*-  3tt  decay,  tt-tt  scattering  is  paramet¬ 
rized  by  means  of  the  1=0  and  1=2  scattering  lengths,  and 
if  the  pions  are  assumed  to  interact  only  in  s-waves ,  a 
comparison  with  experiment  shows  that  a2-  ao-  0.7.  How¬ 
ever,  if  p-wave  scattering  is  also  included,  a  K-p-tt  coup¬ 
ling  constant  of  the  order  of  the  basic  K-3tt  coupling  con¬ 
stant  can  yield  widely  different  values  for  a2-  ao •  A 
simple  model  for  tt-tt  scattering  in  K0  decay  leads  to  a 
divergent  s-wave  form  factor  but  a  well-behaved  phase 


shift . 
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CHAPTER  I 


INTRODUCTION 


With  the  direct  pion-pion  scattering  experiments 
not  yet  feasible,  any  study  of  the  pion-pion  interaction 
must  be  done  by  indirect  methods.  Fortunately,  pions  are 
involved  in  a  great  many  processes  for  which  some  experi¬ 
mental  data  is  available,  so  that  one  can  analyze  several 
processes  from  different  points  of  view,  and  thus  at  least 
partially  overcome  the  disadvantage  of  not  having  the  di¬ 
rect  scattering  data  available. 

The  weak  decay  of  the  K-meson  into  pions  and, 
perhaps,  some  other  particles  has  two  properties  which 
make  it  especially  well  suited  to  the  study  of  pion-pion 
interactions.  First  of  all,  the  kaon  has  spin  0  and  iso¬ 
spin  \ ,  which  leads  to  uncomplicated  final  states,  and, 
secondly,  the  kaon  mass  is  less  than  four  times  the  mass 
of  the  pion,  so  that  the  energy  of  the  pions  emitted  in  K 
decays,  particularly  in  K  -*  3^  decays,  is  small.  This 
leads  to  a  considerable  simplification  in  the  calculations. 

Three  processes  involving  a  kaon  and  pions  will 
be  considered  in  this  work.  The  first  of  these  is  the 
self-energy  process  of  the  neutral  kaon,  which  leads  to  a 
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K°  -  K°  mass  difference.  Next  is  the  K  -*  3 it  decay,  and  fi¬ 
nally,  the  K  -*  2tt  +  l  +  v  (K0  )  decay.  To  learn  something 
about  pion-pion  scattering,  the  point  of  view  will  be  taken 
that  the  kaons  first  break  up  in  a  point  weak  interaction, 
and  then  the  pions  interact  in  the  final  state  via  strong 

interactions  to  produce  the  energy  dependence  of  the  pro- 

( 1 ) 

cess  .  Since  there  is  as  yet  no  successful  theory  of 
strong  interactions,  one  must  propose  some  plausible  model 
for  pion-pion  scattering,  involving  some  unknown  parameters 
Then  the  result  of  the  analysis  of  the  kaon  decay  involving 
the  pion-pion  final-state  interactions  can  be  compared  with 
experiment,  and  the  parameters  can  be  fixed.  If  there  are 
not  too  many  parameters  in  the  model  for  tt-tt  scattering, 
some  meaningful  conclusions  about  the  nature  of  the  tt-tt 
interaction  can  be  drawn. 

In  Chapter  II,  the  K°  -  K°  mass  difference  is 
considered  in  its  relation  to  tt-tt  scattering.  It  is  shown 
that  the  neutral  kaon  self-energy  processes  are  dominated 
by  the  two-pion  virtual  state  in  the  K?  self-energy.  Then 
the  mass  difference,  which  is  simply  the  difference  between 
the  K°  and  K°  self-energies,  is  given  in  good  approximation 
by  the  two-pion  virtual  state  contribution  to  the  K?  self¬ 
energy.  Several  plausible  parametrizat ions  for  the  K-tt-tt 


. 
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form  factor  are  suggested  and  the  K?  -  K°  mass  difference 
is  calculated  using  these  form  factors.  This  result  is 
compared  with  the  experimentally  determined  mass  difference 
and  hence  the  parameters  are  determined.  The  form  factor 
is  shown  to  be  related  to  the  s-wave  tt-tt  phase  shift  by  an 
integral  equation,  which  is  inverted  to  give  the  phase 
shifts  explicitly. 

In  Chapter  III,  K  -*  3^  decay  is  analyzed  includ¬ 
ing  pion-pion  interactions  in  both  the  s-wave  and  p-wave. 
For  the  s-wave  interactions,  a  parametrization  involving 
ao  and  a2*  the  1=0  and  1=2  (I  =  isospin)  scattering  lengths 
is  used.  The  p-wave  interaction  calculations  are  done  as¬ 
suming  that  the  p  resonance  dominates  the  interaction,  and 
therefore  the  parameter  used  here  is  the  K-p-7r  coupling 
constant.  The  matrix  element  is  found  with  the  effects  of 
both  the  s  and  p-wave  interactions  included. 

In  Chapter  IV,  the  K.  decay  is  discussed,  again 

36  4 

including  both  s  and  p-wave  final-state  interactions.  The 
s-wave  tt-tt  interaction  is  parametrized  by  the  1=0  and  1=2 
scattering  lengths  but  it  is  found  that*  the  resulting  mat¬ 
rix  element  does  not  depend  on  a2.  The  p-wave  interaction 
is  assumed  to  be  dominated  by  the  p  resonance,  and  the 
parameter  involved  here  is  the  K-p-£-v  coupling  constant. 


■ 
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CHAPTER  II  K i  -  K°  MASS  DIFFERENCE 

Within  the  framework  of  strong  interaction  theory 
the  masses  of  the  K§  and.  K2  mesons  are  degenerate.  This  de 
generacy  is  removed  by  self-energy  processes  of  second  and 
higher  (even)  order  in  the  weak  interaction.  Of  course, 
since  the  weak  coupling  constant  is  so  small,  processes  of 
higher  than  second  order  are  neglected  when  calculating 
the  self-energy.  The  different  decay  behaviour  of  the  K° 
and  K°  mesons  leads  to  different  self-energies,  and  hence 
to  a  mass  difference.  Contributions  to  the  self-energy  of 
the  kaons  can  come  from  mesonic,  leptonic,  or  baryonic  vir¬ 
tual  states.  However,  it  turns  out  that  the  K°  -  K|>  mass 
difference  can  be  considered,  in  good  approximation,  to 
arise  only  from  one  self-energy  process  -  the  virtual  de¬ 
cay  of  the  K°  into  two  pions. 

The  mesonic  self-energy  processes  involve  virtual 

states  of  one  or  more  pions.  For  this  problem,  CP  nonin- 

( 2  ) 

variance  effects  are  small  ,  so  that  one  need  only  con¬ 
sider  even  numbers  of  pions  for  the  K?  self-energy  process¬ 
es  and  odd  numbers  of  pions  for  the  K2  self-energy  process¬ 
es.  The  K?  is  known  to  decay  almost  exclusively  into  two 
pions,  and  therefore  one  anticipates  that  the  two-pion  pro¬ 
cess  accounts  for  most  of  the  K?  self-energy.  The  main  me- 


■ 
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sonic  decay  of  the  K°  is  the  three-pion  decay,  but  the  rate 

for  this  process  is  very  much  less  than  the  rate  for  K°  -*  2t r 

so  that  the  contribution  to  the  mass  difference  from  the 

three-pion  process  is  expected  to  be  negligible  compared 

with  the  contribution  from  the  two-pion  process  in  the  K$ 

self-energy.  The  one-pion  self-energy  process,  the  so- 

called  "pole"  term,  in  the  K°  self-energy  is  not  expected 

to  make  a  significant  contribution  to  the  mass  difference 

because  the  process  K+  tt+  +  e+  +  e-  ,  which  contains  a 

K  -  it  vertex,  goes  at  a  very  much  slower  rate  than  K?  -*  2tt 

and  leads  to  a  mass  difference  at  least  one  order  of  mag- 

(1 ) 

nitude  smaller  than  the  observed  value  . 

Weak  interactions  have  never  been  observed  to 
produce  uncharged  lepton  pairs  (i.e.  no  neutral  weak  lepton- 
ic  currents  are  known  to  exist),  so  that  one  can  make  the 
reasonable  assumption  that  the  pure  leptonic  virtual  states 
give  no  contribution  to  the  kaon  self-energy.  If  the 
AS  =  AQ  rule  is  exact,  the  semi-lept onic  processes  (i.e. 

K°  ■*  tt  +  l  +  v  )  do  not  contribute  to  the  mass  difference, 
since  the  self-energies  arising  from  these  processes  are 
the  same  for  both  K°  and  K2  .  This  can  be  seen  by  noting 
that,  since  the  K§  and  K2  mesons  are  combinations  of  the 
K°  and  K°  mesons,  the  decay  of  either  K?  or  K°  into  a  par¬ 
ticular  tt-£-v  state  involves  the  sum  (K§  processes)  or  the 
difference  (K°  processes)  of  a  AS  =  AQ  amplitude  and  a 


AS  j-  AQ  amplitude.  If  the  AS  ^  AQ  amplitude  is  not  zero, 
the  self-energies  are  different;  if  the  AS  ^  AQ  amplitude 
is  zero,  the  self-energies  are  the  same.  Even  if  the 
AS  =  AQ  rule  is  not  exact,  the  leptonic  decay  rates  are 
much  slower  than  the  K$  2tt  decay  rate,  so  that  any  lep¬ 
tonic  self-energy  effects  may  be  neglected. 

Baryon-ant ibaryon  virtual  states  give  no  con¬ 
tribution  to  the  self-energies  because  of  the  large  energy 
denominators  that  they  produce. 

The  above  arguments  show  that  the  K?  -  K°  mass 
difference  may  be  calculated  in  excellent  approximation 
simply  by  calculating  the  two-pion  intermediate  state  con¬ 
tribution  to  the  self-energy  of  the  K$  meson.  Having  ob¬ 
tained  this  result,  one  can  now  suggest  some  plausible  par- 
ametrization  for  the  pion-pion  interaction,  calculate  an 
expression  for  the  K$  self-energy,  and  hence  adjust  the 

parameters  to  make  this  self-energy  equal  to  the  observed 

/  4  \ 

K i  -K°  mass  difference.  Experiments^  ;  have  shown  this 
mass  difference  to  be  given  by 

2t i AM  =  2x i {M( K§ )  -  M(k£)>  =  -0.96  ±  0.04  , 

where  ii  is  the  lifetime  of  the  K$  meson.  According  to  a 
technique  outlined  below,  the  quantity  2tiAM  can  be  calcu- 


l  ' .  i 
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lated  if  the  K-tt-tt  form  factor  is  known,  and  this  form  fac¬ 
tor  can  be  directly  related  to  the  pion-pion  phase  shift. 

The  two  virtual  pions  are  produced  in  an  Z=0  angular  momen¬ 
tum  state  since  the  kaon  is  spinless,  so  that  by  extended 
Bose  statistics,  they  must  be  in  a  state  of  even  isospin. 
Assuming  that  the  | A I |  =  \  rule  is  valid,  the  isospin  of  the 
two-pion  state  is  0,  since  the  isospin  of  the  kaon  is 
Therefore,  information  on  1=0,  s-wave  pion-pion  scattering 
can  be  obtained  from  a  knowledge  of  the  K?  -  K°  mass  differ¬ 
ence  . 

The  self-energy  operator,  E(s),  of  the  K?  meson 
is  assumed  to  obey  an  unsubtracted  dispersion  relation 


Z(s) 


ds  1 


where  s  =  4(k2  +  m2 )  is  the  square  of  the  total  centre-of- 
mass  energy  of  the  two  pions.  The  lower  limit  of  integra¬ 
tion  is  the  value  of  s  at  the  threshold  for  the  process 
K?  -*■  2tt.  Then  the  kaon  self-energy  is  given  by  E(s)  evalu- 


( 5  ) 

ated  at  s  =  M2  and,  as  was  first  shown  by  Barger  and  Kazesv  , 


this  self-energy  is  given  in  terms  of  the  K-tt-tt  form  factor 


by 


F ( k 2 ) I  2  k2  dk 


£  (M2  ) 


a 


.  (II. 1) 


■ 
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Here,  M  is  the  unrenormalized  kaon  mass,  m  is  the  pion  mass, 
and  a  is  a  normalization  constant.  Z(M2)  is  related  to  the 
K§  -  K°  mass  difference  by 


2t i AM  = 


-  Rel (M2 ) 
ImZ (M2 ) 


(II. 2) 


ReZ(M2)  is  the  principal  part  of  the  integral  (II. 1),  and 


| F(k2 ) | 2k 

ImZ  (M2 )  =  -  5 


(k2  +  m2) 


T7 

2 


(II. 3) 


with  k2  =  ^  -  m2 


With  the  assumption  of  elastic  unitarity,  the  form 
factor  is  related  to  the  s-wave  pion-pion  phase  shift ^  ;  by 

(  7) 

an  Omn£s  equation  '  of  the  form 


F(k2  ) 


=  exp 


.00 


2k' 

TT 


6 ( k ’ )dk’ 


k* (k» 2  -  k2 )  j 


(II. 4) 


Notice  that  the  phase  shift  is  assumed  to  be  real  (elastic 
scattering) .  The  phase  shift  is  not  determined  completely 
by  the  form  factor  but  is  arbitrary  within  some  function  of 
k  which  will  cause  the  principal  part  of  the  above  integral 
to  vanish. 

At  this  stage  one  could  use  some  plausible  para- 

metrization  for  the  pion-pion  scattering  phase  shift  (Barger 
(  B) 

and  Kazes w  ) ,  or  solve  the  tt-tt  scattering  problem  assuming 
a  dynamical  model  (Rockmore  and  Yao^^;  Kang  and  Land^^), 
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and  thereby,  in  effect,  determine  the  phase  shift.  Then 
the  form  factor  could  be  evaluated  using  the  above  Omnes 
equation  and  hence,  the  K?  -  K->  mass  difference  could  be 
calculated  and  compared  with  the  experimentally  observed 
value . 

A  different  approach  was  used  in  the  present  work. 
Parametrizations  for  F(k2)  were  tried  which  satisfy  certain 
criteria.  First  of  all,  F(k2)  was  chosen  so  as  to  make  the 
self-energy  integral  converge.  Secondly,  since  2tiAM  is 
negative,  one  must  have  ReE (M2 ) /ImE (M2 )  positive,  and  since 
ImZ(M2)  is  positive,  Re£(M2)  must  also  be  positive.  Inspec¬ 
tion  of  the  integral  for  ReI(M2)  shows  that  the  range  of 

9  M2  9 

integration  to  the  left  of  k  =  ^  -  m  gives  a  negative  con¬ 
tribution  to  the  integral,  while  the  range  to  the  right  of 
this  point  gives  a  positive  contribution.  Therefore,  there 
is  a  limit  to  the  rapidity  with  which  | F ( k 2 )  |  may  be  al¬ 
lowed  to  drop  with  increasing  k2  and  still  yield  a  positive 
value  for  Re£(M2).  A  third  condition  imposed  on  the  para¬ 
metrizations  of  F(k2)  was  that  they  be  normalized  at  the 
threshold  for  the  K?  ■+■  2tt  process;  that  is,  at  k2  =  0. 

By  a  procedure  to  be  outlined  below,  the  Omnes 
equation  is  inverted  to  give  6(k2)  in  terms  of  an  integral 
involving  F(k2).  Thus,  a  knowledge  of  F(k2)  for  all  values 
of  k2  determines  5(k2).  Such  a  procedure,  whose  advantage 
over  the  conventional  procedure  may  not  be  too  apparent  in 
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the  context  of  the  problem  of  the  K?  -  K°  mass  difference, 
becomes  very  effective  in  the  case  of  the  electromagnetic 
form  factor  of  the  pion.  With  the  e+  +  e  ir+  +  it-  exper¬ 
iments  already  feasible,  one  is  beginning  to  know  the  elec¬ 
tromagnetic  form  factor  of  the  pion.  The  direct  tt+  +  tt~  -*• 
tt+  +  tt  scattering  experiments  are  not  likely  to  take  place 
in  the  near  future.  Thus,  with  the  knowledge  of  the  electro 
magnetic  form  factor  for  all  momentum  transfers,  the  p-wave 
pion-pion  phase  shifts  can  be  determined  by  the  present  pro¬ 
cedure  . 


The  inversion  of  the  Omn£s  equation  is  done  by 
first  rewriting  it  in  terms  of  the  variable  s  =  4(k^  +  nz ) 
and  defining  the  functions 


and 


g(s) 

In  |  F  ( s )  | 

( s  -  4m2 ) 

f(s)  = 

6(s) 

(s  -  4m2) 


Then  the  integral  equation  becomes 


°°  f  ( s  '  )ds  ' 


g(s)  =  - 


(II. 5) 


s'  -  s 


4m ; 


This  equation  can  be  converted  into  the  airfoil  equation'  0 ' 


the  solution  of  which  is  known.  The  final  result  in  terms 
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of  the  variables  s  and  s’  is  then 


(11) 


(s-4m2)^f(s)  =  "—  P 

7T 


00 


(s ’-4m2 )^g(s ’ )ds ’ 


2m 


4m: 


s ’ ( s ’ -s ) 


f ( s ’ ) ds ’ 


TT 

4m2 


(II. 6) 


Because  f(s)  still  appears  inside  an  integral,  the  equation 
does  not  seem  to  be  solved.  However,  if  one  calls  the  first 
term  on  the  right-hand  side  h(s)  and  the  second  term  C,  the 
equation  has  the  special  property  that 


2m 

IT 


f ( s ' )ds ’ 


2m 

TT 


4m : 


h(s ’ )  +  C 


4m: 


s ’ ( s ’ -4m2 ) 


"TT  ds 


i 


=  c 


2  \  7 


so  that  the  constant  C  is  arbitrary,  and  must  be  determined 
by  some  suitable  boundary  condition.  This  arbitrariness  of 
C  depends  only  on  g(s)  being  such  that  the  integral  involved 
in  h(s)  converges.  Now, 


(s-Hmz)hf(s)  =  - -  , 

( s-4m2  )’5 

so  that  if  6(s)  increases  more  slowly  than  s2,  the  boundary 
condition  is 


lim  (s-Um^fCs)  =  0  ,  (II. 7) 

and  hence,  the  value  of  C  is  determined. 


Several  parametrizations  for  the  K-tt-it  form  fac- 


. 


. 
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tor  were  tried,  and,  after  evaluation  of  the  expression  for 
the  self-energy,  the  parameters  were  adjusted  to  yield  the 
experimentally  observed  value  for  2tiAM.  The  inverted  Omn£s 
equation  then  gave  the  explicit  forms  for  the  1=0,  s-wave 
7T-7T  phase  shifts. 

The  integrals  in  the  calculation  of  the  self-ener¬ 
gy  can  be  done  analytically  (Appendix  A),  but  they  are,  in 
general,  quite  tedious.  In  addition  to  this,  in  the  case 
of  the  two-parameter  parametrizations ,  the  final  explicit 
expressions  for  the  self-energy  are  extremely  complicated, 
and  are,  in  fact,  inseparable  functions  of  the  parameters. 
Therefore,,  it  was  decided  to  calculate  the  integrals  numer¬ 
ically.  The  singularity  was  handled  using  a  procedure  out¬ 
lined  in  Appendix  B. 


Parametrization  I 


The  first  parametrization  involves  form  factors 
of  the  kind 


F(s) 


s-4m2 


s  n 


(II. 8) 


1  + 


so 


■ 
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Observe  that  F(s)has  the  correct  general  energy  behaviour. 
It  is  normalized  at  threshold  (s=4m2),  and  approaches  zero 
sufficiently  quickly  in  the  high  energy  limit  to  make  the 
self-energy  integral  (II. 1)  converge.  Whether  it  converges 
too  rapidly  to  yield  the  correct  mass  difference  can  only 
be  determined  after  the  explicit  evaluation  of  the  integral 
(II. 1). 

The  physical  justification  for  this  type  of  par- 
ametrization  is  that  for  n=l,  this  form  factor  represents 
a  particular  dynamical  model.  To  see  this,  first  consider 
the  process  represented  by  the  Feynman  diagram: 


\ 


where  vertex  (1)  is  a  strong  vertex  and  vertex  (2)  is  weak, 
making  the  whole  process  first  order  in  the  weak  interac¬ 
tion.  S  is  a  virtual  particle  of  mass,  say,  M  ,  and  must 

S 

be  a  scalar  boson  to  conserve  parity  and  spin  at  the  strong 

vertex.  In  the  centre-of-mass  of  K,  each  pion  has  energy 
M  |  ->■  i 

and  momentum  |k|.  If  the  diagram  is  thought  of  as  one 
half  of  the  kaon  self-energy  diagram,  the  pions  are  virtual 
and  therefore  the  momentum  |k|  is  arbitrary.  Vertex  (2)  is 
a  two-particle  vertex  so  that  the  particle  S  has  the  same 


t 
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four-momentum  as  the  pion.  Call  this  four-momentum  p. 

M  -> 

Then,  p  =  ( j  ,  k) ,  which  means  that  the  propagator  for  S  is 


-1 


p2-  M: 


k2+  M2 
s 


Tf 


Now,  the  propagated  particle  S  is  responsible  for  the 
structure  (i.e.  energy  dependence)  of  the  K-tt-tt  vertex.  A 
form  factor,  by  definition,  is  just  a  function  which  con¬ 
tains  the  energy  dependence  of  some  single-vertex  process. 
Therefore,  the  "form  factor"  for  the  diagram  shown  is 


a 

F ’ (k2 ) 

where  a  is  the  appropriate  normalization  constant.  Notice 
that  the  'parametrized  form  factor,  F(s),  can  be  written  in 
the  form 


k2  + 


M2 

s 


s0/4 

F(k2 ) |  =  - 

i ,2  .  So 

k  +  Tp 


when  n=l.  Obviously,  F(k2)  corresponds  to  F’(k2)  with 
2.  2 

s.°=  M2  -  ^  ,  or  if  M2>>^,  with  -  M| .  This  shows  that 
this  parametrization  corresponds  to  a  physical  model  in 

r——rr-  M 

which  a  very  massive  scalar  boson  (M  =  /s  o /4  >>  ^-)  is  pro- 
duced  in  an  intermediate  state  between  the  kaon  and  one  of 


the  pions. 


. 


■ 
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In  order  to  observe  the  difference  in  behaviour 

of  the  phase  shifts  for  form  factors  with  different  rates 

of  convergence  in  the  high  energy  limit,  different  values 

of  n  were  tried.  The  parameter  s0  was  adjusted  to  give  the 

1  P 

correct  value  for  2tiAM  for  the  four  cases  n  =  tj,  1,  and 
2.  The  results  are  given  in  the  following  table. 


n 

So 

in  units'! 

of  m2  J 

0.5 

101 

1 

288 

1.5 

480 

2 

672 

Table  1.  Values  of  n  and  so  in  Parametrization 
I  which  yield  2tiAM  =  -1.0 


These  results  were  obtained  numerically;  however,  as  a  mat¬ 
ter  of  interest,  an  analytic  method  for  the  evaluation  of 
ReE(M2)  is  given  in  Appendix  A.l  . 

The  solution  of  the  Omnds  equation  for  this  para¬ 
metrization  is  (Appendix  C.l) 


s-4m 


2  'i 


<$(s) 


2n  arctan 


so 


(II. 9) 
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One  sees  that  the  above  phase  shift  exhibits  the  correct 
threshold  behaviour;  that  is,  it  approaches  zero  as  /s-4m^ . 
From  the  low-energy  scattering  length  formula. 


tan  60  -  60-  kao=  ^-/s-4mz  , 


(II  .10) 


where  the  subscripts  refer  to  the  £=0  state,  the  1=0,  s- 
wave  scattering  lengths  can  easily  be  determined  for  each 
of  the  pairs  of  n  and  so .  Table  2  gives  the  scattering 
lengths  for  the  four  values  of  n. 


n 

a  o 

in  units! 

of  1/m  J 

0.5 

0.20 

1 

0.24 

1.5 

0.27 

2 

0.31 

Table  2.  s-wave,  1=0  tt-tt  scattering  lengths  for 
different  values  of  n  in  Parametriza- 
tion  I. 


Figure  1  shows  the  energy  dependence  of  the  phase 
shifts  for  the  four  cases.  The  plots  are  phase  shift  in 
degrees  versus  centre-of-mass  energy  (/s’)  in  Mev. 


t 

■ 
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The  four  phase  shifts  can  be  seen  to  tend  to  nir  for  the  var¬ 
ious  values  of  n.  This  behaviour  can  be  compared  with  that 

(12) 

predicted  by  Levinson’s  theorem  ,  given  by 

6(«)  -  6(0)  =  tt(  N,  -  N  )  ,  (II. 11) 

d  a 

where  is  the  number  of  stable  elementary  particles  in¬ 
volved  in  some  process  before  the  interactions  which  pro¬ 
duce  the  phase  shifts  (in  this  case,  strong  interactions) 
are  turned  on.  In  the  dynamical  model  corresponding  to 
the  case  n  =  1  ,  the  K-S-tt  vertex  is  strong,  so  that  the 
kaon  is  stable  before  the  strong  interaction  is  turned  on. 
Therefore,  -  N&  =  1,  and,  since  6(0)  can  be  seen  to  be 
zero  from  the  scattering  length  formula,  Levinson’s  theorem 
predicts  that  6(°°)  =  tt  ,  which  agrees  with  the  result  ob¬ 
tained  from  the  Omne^s  equation.  The  case  n  =  2  corresponds 
to  a  dynamical  model  which  includes  two  strong  vertices; 
however,  the  half-integer  values  of  n  lead  to  no  such  phys¬ 
ical  interpretation. 


Parametrizat ion  II  (Resonance  Parametrization) 


For  resonant  tt — tt  scattering,  the  appropriate  form 
factor,  given  here  in  terms  of  the  variable  s,  is 


. 
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s  -  4m2 

F(s)  =  - - - =Z=ZT“  •  (11.12) 

(s  -  s)  -  2iy  /s-4m2 


sr  is  the  square  of  the  mass,  M^ ,  of  the  resonance  and  y  is 
related  to  T,  the  full  width  at  half  maximum  of  |P(s)|2  by 
an  expression  which  is  quite  complicated  in  general,  but 
which  in  the  application  to  the  problem  of  the  K?  -  K°  mass 
difference,  is  quite  adequately  approximated  by  (Appendix  D) 


r 


2y 


s  -  4m2 
r 


1 


Y 

2/s-  I 
r  ; 


(11.13) 


where  only  terms  up  to  first  order  in  y//s^  have  been  re¬ 
tained  . 

Prom  the  form  of  ReE(M2),  it  is  evident  that  the 
range  of  integration  0  <  k2<  ^  -  m2  gives  a  negative  con¬ 
tribution  to  the  integral.  This  corresponds  to  s  <  M2  (i.e. 
pion-plon  centre-of-mas s  energies  less  than  the  kaon  mass). 
The  range  of  integration  for  energies  above  the  kaon  mass 
gives  a  positive  contribution  to  the  integral.  Therefore, 
resonances  below  the  kaon  mass  will  tend  to  make  ReE(M2) 
negative  and  since 


-ReE (M2 ) 

2t  i  AM  =  - - - 

ImE (M2 ) 


this  will  lead  to  positive  values  of  AM.  AM  is  known  to  be 
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negative,  and  therefore  one  expects  that  only  resonances 
above  the  kaon  mass  can  lead  to  the  correct  value  for  AM. 
(It  is  not  quite  obvious  that  a  broad  resonance  peak  below 
the  kaon  mass  will  not  yield  a  negative  mass  difference; 
however,  calculations  were  done  using  resonances  below  the 
kaon  mass  and  It  was  found  impossible  to  produce  the  cor¬ 
rect  mass  difference  for  these  cases.) 

Pairs  of  y  and  sf  were  found  which  yield  2tiAM  = 
-1.0.  The  corresponding  values  of  the  full  width,  T,  and 
the  resonance  mass,  M  =  /T"  ,  are  listed  in  Table  3  to- 
gether  with  the  scattering  lengths  derived  from  the  low- 
energy  limits  of  the  phase  shifts,  <5(s),  which  are  the  so¬ 
lutions  of  the  Omnes  equation. 


M^CMev) 

T  (Mev) 

a0 (1/m) 

510 

24 

0.04 

550 

97 

0.13 

600 

184 

0.19 

700 

357 

0.25 

Pairs  of  and  r  which  yield  2iiAM  = 
-1.0,  with  corresponding  tt-tt  scattering 
lengths . 


Table  3. 


c'T 
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The  resonance  is  seen  to  be  quite  narrow  for  values  of  M 

r 

near  the  kaon  mass,  but  as  M^  increases  above  M,  the  full 

width  T  increases  rapidly  from  a  value  of  24  Mev  at  M  = 

r 

510  Mev  to  a  value  of  357  Mev  at  M^  =  700  Mev. 

The  phase  shift  obtained  from  the  solution  of  the 
Omn£s  equation  for  the  resonance  parametrizat ion  is  given 
by  (Appendix  C.2) 


6(s)  = 


arctan 


yk 


arctan 


2y/s-4mz 


s  -  s 
r 


(II.  14) 

Figure  2  displays  the  phase  shift  as  a  function  of  energy 
(/s’)  for  the  four  pairs  of  T  and  M  .  All  of  the  phase 
shifts  are  seen  to  approach  180°  at  high  energies,  in  a- 
greement  with  Levinson’s  theorem  (The  resonance  is  consid¬ 
ered  to  be  a  stable  "elementary"  particle  in  the  absence  of 
strong  interactions.).  An  interesting  property  of  these 
phase  shifts  is  that  their  values  at  the  kaon  mass  (^500 
Mev)  all  lie  within  a  range  of  about  10°  (between  33°  and 
44°),  so  that  if  an  experimental  determination  of  6(M2) 
fixes  its  value  outside  this  limited  range,  it  will  be  dif¬ 
ficult  to  describe  the  tt-tt  scattering  process  by  means  of 
a  resonance  parametrization .  For  example,  to  obtain  a  va¬ 
lue  for  6(M2)  above  45°,  an  extremely  narrow  resonance  near 
the  kaon  mass  will  be  required,  and  to  obtain  a  value  for 
6(M2)  below  30°,  a  very  broad  resonance  somewhere  above 


22 
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800  Mev  will  be  required.  On  the  other  hand,  if  the  two- 
pion  s-wave  system  is  indeed  found  to  resonate,  the  value 
of  the  phase  shift  at  the  kaon  mass  will  be  fixed  within  a 
relatively  small  range. 


Parametrization  III  (Effective  Range  Parametrization ) 


To  obtain  the  effective  range  parametrization  for 
the  tt-tt  phase  shift,  the  form  factor 


1 

F( k2 )  =  - 

(1  +  ^ar0k2)  -  iak 


(11.15) 


was  tried.  By  the  method  outlined  in  Appendix  C.2,  this 
yields 


6(k2) 


arctan 


ka 


•v 


1  +  ^r0ak2 


(II  .16) 


which  can  be  rewritten  as 


k  cot  6 


^  +  ^r0k: 

d 


(11.17) 


This  is  just  the  effective  range  parametrization  for  the  s- 
wave  phase  shift. 

Pairs  of  a  and  r0  were  found  which  gave  the  cor- 


. 
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rect  value  for  2tiAM.  These  pairs  included  positive  and 
negative  values  of  both  a  and  ro .  The  solutions  were  found 
to  occur  in  four  separate  branches,  two  of  which  are  the 
reflections  of  the  other  two  through  the  origin.  This  sym¬ 
metry  is  expected,  since  the  quantity  |F(k2)|2  is  used  in 
the  calculation  of  2tiAM  and,  from  the  form  of  Equation 
(11.15) j  it  is  seen  to  be  left  unchanged  when  both  a  and  ro 
change  sign.  The  data  for  two  of  the  characteristic  branch¬ 
es  is  tabulated  in  Table  4  and  the  corresponding  graph  of 
ro  versus  a  is  displayed  in  Figure  3.  Notice  that  only  the 
range  -0.275  <  a  <  0.275  will  yield  the  correct  2tiAM. 

It  can  be  shown  (Appendix  E)  that  for  a  <  0  and 
r0>  0,  the  form  factor  as  given  describes  a  system  which 
has  a  bound  state.  Now,  no  two-pion  bound  state  is  known 
to  exist,  and  therefore  these  values  of  a  and  ro  are  unre¬ 
alistic.  Furthermore,  if  a  bound  state  does  exist,  the  re¬ 
lation  (II. 4)  between  the  form  factor  and  the  phase  shift 

( 13 ) 

no  longer  holds  .  Therefore,  the  values  of  a  and  r0 
corresponding  to  the  left  branch  of  Figure  3  will  not  be 
considered  further. 

If  a  >  0  and  ro<  0,  the  phase  shift  (II. 16)  be¬ 
comes  the  resonance  phase  shift  which  has  been  analyzed  in 
part  II  of  this  chapter.  This  leaves  only  the  solutions 
with  the  same  sign  for  a  and  r0  to  be  considered. 

From  potential  scattering  theory,  the  effective 
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a 

-.27 

-.20 

-.10 

.01 

.05 

.10 

.  20 

.275 

r0 

.95 

2.48 

6.90 

2.77 

.52 

.21 

0 

-.51 

Table  4. 


Pairs  of  a  and  rp  Leading  to  2tiAM  =  -1.0 


Figure  3. 
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range  ro  is  defined  by 


(14) 


\v  o 


(uo  -  u2)  dr  , 
o 


(II. 18) 


where  u  is  the  exact  solution  of  the  Schr&dinger  equation 
and  uo  is  the  free-particle  solution,  which  is  equal  to  u 
outside  the  range  of  the  forces.  u  is  zero  at  r=0  but  uo 
is  not,  so  that  in  simple  cases  where  the  forces  are  short- 
range  and  the  wave  functions  are  slowly  varying,  ro  is  pos¬ 
itive.  Therefore,  if  one  knew  that  the  tt-tt  forces  were  in 
fact  simple,  one  would  be  justified  in  ignoring  the  a  <  0, 
ro<  0  solution  for  the  tt-tt  scattering.  However,  for  long- 
range  forces  and  quickly  varying  wave  functions,  ro  can  be 
negative  and  therefore  the  a  <  0,  r0<  0  solution  cannot  be 
dropped.  In  any  case.  Equation  (II. 6)  shows  that  the  phase 
shift  for  this  solution  is  the  negative  of  the  phase  shift 
with  positive  parameters,  and  so  the  same  analysis  will 
apply  to  both  solutions. 


The  form  factor  is  expected  to  be  modified  at 
higher  energies  by  the  inclusion  of  higher  order  terms  in  k. 
A  faster-converging  form  factor  lowers  the  value  of  ReE(M2) 
for  fixed  values  of  the  parameters,  a  and  r0 ,  since  the 
high-energy  region  makes  a  positive  contribution  to  the 
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integral  in  ReE(M2).  In  the  process  of  fitting  a  and  r0 
to  obtain  the  correct  mass  difference,  it  was  found  that, 
for  a  fixed  value  of  a,  Re£(M2)  was  increased  when  r0  was 
decreased.  Thus,  the  effect  of  the  higher  order  terms 
would  be  to  decrease  the  effective  range  in  relation  to  the 
scattering  length.  Of  course,  if  the  higher  order  terms 
cause  the  form  factor  to  converge  more  slowly  in  the  high 
energy  region,  the  opposite  effect  would  be  observed. 

Notice  that  for  r0  =  0,  the  effective  range  form 
factor  reduces  to  the  simple  form 

1 

F(k2  )  =  -  . 

1  +  iak 

This  corresponds  to  the  first  parametrization  with  n  =  h 
and  a2  =  4/so*  The  value  of  so-  100  m2  for  this  case  a- 
grees  with  the  value  of  a  =  0.2  found  for  the  effective 
range  parametrization,  and  the  phase  shifts  in  both  cases 
tend  to  90°  in  the  high  energy  limit .  In  the  effective 
range  parametrization,  this  is  the  only  value  of  r0  which 
leads  to  this  asymptotic  behaviour;  the  phase  shifts  for 
ro  >  0  tend  to  zero  at  high  energies. 

The  energy  dependence  of  the  phase  shifts  for 
several  pairs  of  a  and  r0  is  displayed  in  Figure  4.  The 
phase  shifts  are  seen  to  be  very  slowly  varying  functions 
of  the  pion-pion  centre-of-mass  energy.  For  example,  the 
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phase  shift  corresponding  to  a  scattering  length  of  0,1  and 
an  effective  range  of  0.21  rises  slowly  to  a  maximum  value 
of  26°  at  an  energy  of  about  2600  Mev  and  decreases  slowly 
to  zero  beyond  this  point.  The  maximum  possible  value  of 
the  phase  shift  at  the  kaon  mass  occurs  for  the  case  a  = 

0.2  ,  r0  =  0  ,  and  this  maximum  value  is  only  17°.  This 
extremely  slow  variation  of  the  phase  shifts  reflects  the 
slow  variation  of  the  form  factor.  This  form  factor  rep¬ 
resents  a  scattering  process  with  very  little  structure, 
and  the  scattering  amplitude  varies  only  Slightly  over 
large  energy  ranges.  However,  this  parametrization  is  ex¬ 
pected  to  be  valid  only  for  low  energies,  so  that  the  phase 
shifts  may  well  exhibit  a  more  rapid  variation  even  at  mod¬ 
erately  high  energies. 


Parametrization  IV 


Form  factors  of  the  form 


F(s)  | 


-sG ( s ) 
e 


(11.19) 


were  tried  for  several  parametrizat ions  of  G(s).  These 
were,  on  the  whole,  unsatisfactory.  However,  it  is  still 


worthwhile  to  calculate  the  phase  shifts  for  the  different 


' 
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forms  of  G(s)  in  order  to  obtain  a  more  general  knowledge 
of  the  relation  between  the  form  factor  and  the  phase 
shifts . 

(a)  The  parametrizat ion 

G  ( s )  =  a  , 

where  a  is  a  constant,  leads  to  a  phase  shift  of  the  form 
(Appendix  C . 4 . a) 


6(s)  =  3  (  s  -  4m2  .  (11.20) 

Because  6 ( s )  is  only  bounded  in  this  way,  the  boundary  con¬ 
dition 


lim 

s->°° 


S(s) 

(s  -  4m2)3* 


0 


cannot  be  imposed  and  hence  3  cannot  be  determined  in  terms 
of  a.  In  addition  to  this,  6(s)  becomes  infinite  in  the 
high  energy  limit,  which  is  totally  unrealistic.  Thus, 
this  parametrization  is  not  useful  in  the  application  to 
tt-7t  scattering. 


(b)  The  parametrization 
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G(s) 


a 

(s  -  4m2) 55 


leads  to  a  phase  shift  of  the  form  (Appendix  C,4.b) 


6  (s) 


=  -  (s  -  itm2)’4 

7T 


In 


s  -  4m2" 
4m2  , 


(11.21) 


This  phase  shift  behaves  even  more  unrealistically  than  the 
previous  one.  It  diverges  as  s 2ln  s  at  high  energies,  and 
its  behaviour  at  threshold  Is  like  k  In  k.  While  one  may 
be  prepared  to  accept  phase  shifts  with  unrealistic  high 
energy  behaviour  which  appear  reasonable  at  low  energies, 
one  certainly  cannot  accept  phase  shifts  which  exhibit  un¬ 
realistic  behaviour  at  both  the  high  and  low  energy  limits. 


(c)  The  parametrization 


a 


G(s)  = 


r 


leads  to  a  phase  shift  of  the  form 


6(s)  =  £ 


(s  -  4m2) 


In 


s^+  (s  -  4m2)^  1 
s%-  (S   4m2)"3* 


\  P 

This  phase  shift  diverges  at  s-*°°  like  s  /In  s 2 


The 


I 
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threshold  behaviour  Is  found  to  be  like  k:i,  which  again  Is 
unrealistic  for  the  s-wave  phase  shift.  Notice  that  al¬ 
though  G(s)  has  the  same  asymptotic  behaviour  for  both 
parametrizations  (b)  and  (c),  the  asymptotic  behaviour  of 
the  phase  shifts  is  quite  different.  The  reason  for  this 
is  that  the  solution  for  6(s)  involves  an  integration  of 
G(s)  over  all  energies,  and  the  low-energy  region  can  pro¬ 
duce  effects  at  high  energies „  Thus,  it  is  not  possible 
to  guess  the  form  of  the  phase  shift  simply  from  a  study 
of  the  asymptotic  behaviour  of  the  form  factor;  one  must 
know  the  form  factor  at  all  energies  to  determine  the  phase 
shift . 


This  treatment  of  pion-pion  scattering  leads  to 
several  interesting  observations.  It  can  be  seen  that  form 
factors  which  are  slowly  varying  functions  of  energy  also 
produce  phase  shifts  which  are  slowly  varying.  For  example, 
for  the  first  parametrization  values  of  n  =  \  and  so  =  101 
in2  produce  a  scattering  length  of  0,20  and  a  phase  shift 
which  rises  from  0°  at  threshold  to  only  17°  at  the  kaon 
mass.  Larger  values  of  n  with  the  corresponding  values  of 
so  consistent  with  the  observed  K°  -  K°  mass  difference 
yield  larger  scattering  lengths  and  higher  phase  shifts  at 
the  kaon  mass.  The  values  n  =  2  and  so  =  672  m2  lead  to  a 


33. 


scattering  length  equal  to  0.31  and  a  phase  shift  of  27°  at 
the  kaon  mass .  The  high  energy  behaviour  of  the  phase 
shifts  for  the  first  parametrization  is  somewhat  unrealis¬ 
tic  -  the  phase  shift  for  a  given  n  tends  to  n7T  .  How¬ 
ever,  they  approach  these  limits  sufficiently  slowly  so 
that  in  the  low  energy  region  the  phase  shifts  are  not  too 
sensitive  to  changes  in  the  parameters,  and  the  behaviour 
near  threshold  is  nearly  the  same  for  all  values  of  n. 

The  effective  range  parametrizat ion  is  a  paramet- 
rization  which  produces  even  more  slowly  varying  phase 
shifts.  The  positive  scattering  lengths  in  this  parametri- 
zation  lie  between  0  and  0.2,  and  lead  to  phase  shifts 
which  rise  to  a  maximum  of  only  17°  at  the  kaon  mass.  This 
maximum  phase  shift  corresponds  to  a  scattering  length  of 
0.2  and  an  effective  range  of  0.  For  these  values  of  the 
parameters,  the  effective  range  parametrization  reduces  to 
the  first  parametrization,  and  of  course  produces  the  same 
phase  shift  and  scattering  length.  Smaller  values  of  a 
lead  to  more  slowly  varying  phase  shifts.  For  example,  a 
scattering  length  of  0.1  with  the  corresponding  effective 
range  of  0.21  leads  to  a  phase  shift  of  about  9°  at  the  ka¬ 
on  mass.  Therefore,  if  experiments  show  that  the  s-wave 
pion-pion  phase  shift  is  above  17°  ,  the  effective  range 
parametrization  as  given  ,  even  though  it  leads  to  plau¬ 
sible  threshold  and  high-energy  behaviour,  will  be  unable 
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to  satisfactorily  describe  pion-pion  scattering. 

The  resonance  form  factor  is  one  which  is  more 
quickly  varying  than  the  form  factors  discussed  above. 
Hence,  this  parametrizat ion  is  capable  of  producing  larger 
phase  shifts.  As  mentioned  before,  this  parametrizat ion 
requires  that  any  di-pion  s-wave  resonance  lies  above  the 
kaon  mass  in  order  to  account  for  the  observed  K$  -  K°  mass 
difference.  As  the  position  of  the  resonance  rises  above 
the  kaon  mass,  the  corresponding  width  increases  rapidly. 

An  interesting  feature  of  this  parametrizat ion  is  that, 
even  though  the  different  phase  shifts  arising  from  the 
different  pairs  of  resonance  mass  and  width  are  rather 
widely  separated  at  most  energies,  the  phase  shifts  at  the 
kaon  mass  lie  within  a  relatively  small  range,  about  10° 
for  resonances  between  510  Mev  and  700  Mev,  and  it  requires 
extreme  values  of  the  parameters  to  bring  the  kaon  mass 
phase  shift  out  of  this  range.  For  narrow  resonances,  this 
parametrization  leads  to  small  scattering  lengths  (a  =  0.04 
for  f  =  24  Mev  and  =  510  Mev) ,  more  rapidly  varying 
phase  shifts,  and  a  higher  value  for  6  at  the  kaon  mass 
(6(M2)  =  44°  for  this  case).  Wide  resonances,  on  the  other 
hand,  lead  to  larger  scattering  lengths  (a  =  0.25  for  r  = 
356  Mev  and  M^  =  700  Mev)  ,  more  uniform  variation  of  the 
phase  shifts  with  energy,  and  lower  values  of  the  phase 
shift  at  the  kaon  mass  (S(M2)  =  34°  for  r  =  356  Mev,  M^  = 


' 
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700  Mev) . 


It  is  evident  that,  for  these  three  parametriza- 
tions,  it  is  difficult  to  obtain  large  scattering  lengths 
without  assigning  extreme  values  to  the  parameters  and,  in 
fact,  the  effective  range  parametrization  can  never  lead  to 
a  scattering  length  above  0.275.  Similarly,  one  cannot  ob¬ 
tain  values  for  the  phase  shifts  at  the  kaon  mass  higher 
than  about  45°  without,  for  instance,  having  n  consider¬ 
ably  greater  than  2  in  the  first  parametrization,  or  hav¬ 
ing  r  smaller  than  about  20  Mev  in  the  resonance  paramet¬ 
rization.  As  the  parameters  approach  these  extreme  values, 
it  becomes  increasingly  difficult  to  give  a  physical  inter¬ 
pretation  to  the  process  leading  to  the  form  factors,  so 
that  if  these  parametrizations  do  require  extreme  values 
of  the  parameters  to  fit  experimental  data,  it  may  be  ad¬ 
visable  to  try  to  find  other  form  factors  which  have  a  sim¬ 
pler  physical  interpretation. 


. 
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CHAPTER  III  K  +  3tt  DECAY 


Another  process  from  which  one  can  obtain  infor¬ 
mation  on  the  pion-pion  interaction  is  the  weak  decay  of 
the  kaon  into  three  pions.  There  are  two  points  of  view 

possible  in  approaching  this  problem,  as  summarized  by 

(15  ) 

Khuri  and  Treiman  .  One  is  the  idea  that  the  structure 
of  the  K  +  S77  decay  is  contained  in  the  basic  vertex,  cor¬ 
responding  to  a  Feynman  diagram  like 


K 


7T 


- TT 


TT 


(16) 


This  approach  is  taken  by,  for  example,  H.  Abarbanel 
The  other  point  of  view  is  that  final-state  interactions 
between  the  pions  lead  to  the  energy-dependent  structure 


of  the  matrix  element.  The  corresponding  diagram  is  one 

s' 

_ TT 


like 


N. 


TT 


Here,  the  final-state  interactions  are  assumed  to  occur 
only  between  pairs  of  pions,  and  any  interaction  involving 
all  three  pions  at  once  is  neglected.  This  is  the  approach 
which  is  adopted  in  the  present  work. 


V 
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The  basic  interaction  involves  the  coupling  of 


the  K-meson  field  to  the  three  pion  fields.  Since  the  kaon 

firld  transforms  like  an  isodoublet  and  the  pion  field  like 

an  isotriplet,  isospin  is  not  conserved  in  this  weak  decay. 

If,  however,  the  |Al|  =  ^  rule  is  assumed  to  be  valid, 

there  is  a  procedure  by  which  the  weak  interaction  may  be 

( 17 ) 

written  in  an  isoscalar  form  '  .  One  introduces  a  ficti¬ 

tious  particle  called  the  "spurion" ,  represented  by  a  field 
S,  which  has  the  property  of  carrying  one  half-unit  of  iso¬ 
spin  but  has  no  other  physical  properties.  An  isovector 
field  is  constructed  out  of  the  spurion  and  kaon  fields  by 
means  of  the  isotopic  spin  matrices,  xi,  T2,  and  x3 (identi¬ 
cal  with  the  Pauli  spin  matrices),  and  this  isovector  is 
coupled  to  the  isovector  pion  fields  to  form  an  isoscalar. 
The  isoscalar  interaction  Hamiltonian  formed  in  this  way  is 


H 


w 


G  (S  t •$  K) , 


(III.l) 


where  the  fields  are  given  by 


S 


S 


*  * 

(Si  S2)  ;  K 


<j)  is  the  isovector  pion  field.  If  one  defines  the  quan¬ 


tities 


V 


' 
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T+  = 


x i+ix2 

Hr 


T  = 


Ti-lT2 

/2” 


TO  =  T  3 


and 


4>i+±4>2 

**  7F~  '■  * 


<f>  i  -i$  2 
~/2“ 


;  <}>0  =  4> 


it  is  seen  that 


T'?  =  T+(j)_  +  t_4>+  +  t  o  4>  o 


and 


<t>+4>_  +  4>_<f>+  +  4>  o  o 


The  subscripts  on  the  pion  fields  are  now  identified  with 
the  charge  of  the  emitted  pions.  One  also  defines  the  fic¬ 
titious  isovector  field  $  by 


I  =  StK  , 


$  +  =  St+k  =  /2  S*K° 


with 
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=  Sx_K  =  /2  S*K+ 

and  $0  =  St0K  =  S?K+  -  S*K°  . 

Then  the  Hamiltonian  can  be  written 

Hw  =  G  ($+<}>_  +  +  $o<j>o)(l*$) 

In  this  work,  only  the  decay  of  the  positively 
charged  kaon  will  be  considered.  Then  only  $_  and  $0  can 
contribute  to  this  process.  However,  notice  that  since  the 
term  $o4>o  couples  to  the  neutral  combination  <£•<£,  the  term 
containing  the  charged  kaon  field  does  not  conserve  charge. 
This  arises  because  the  formalism  used  here  conserves  iso¬ 
spin  without  considering  charge.  All  members  of  an  iso- 
multiplet  have  the  same  strangeness  and  baryon  number,  and 
since  the  two  members  of  the  spurion  isodoublet  differ  in 
the  third  component  of  isospin  by  one  unit,  the  Gell-Mann  - 
Nishijima  relation 


B  +  S 

Q  =  I3  +  -  9 

2 

where  Q  is  the  charge,  B  is  the  baryon  number,  and  S  is  the 
strangeness  of  a  hadron,  shows  that  the  two  spurions,  Si 

,  should  differ  in  charge  by  one  unit .  The  spurion 


and  S2 


T\!  ill  f 
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is  a  fictitious  particle  and  therefore  it  cannot  be  as¬ 
signed  any  physical  property  such  as  charge,  and  so  conser¬ 
vation  of  isospin  will  lead  to  non-conservation  of  charge 
and  vice-versa.  Therefore,  disregarding  the  charge  non¬ 
conserving  term,  the  only  terms  contributing  to  the  decay 
of  the  charged  kaon  are 

H*  =  /?  G  S*K+  ( 4>+<f_  +  *_*  +  +  *o*o )  •  (III. 2) 

The  first  two  terms  correspond  to  the  decay  K+  •+  tt+  +  tt+ 

+  it”  ,  known  as  the  "  x  "  decay  mode,  and  the  last  term 
corresponds  to  the  decay  K+  tt+  +  tt°  +  tt°,  known  as  the 
"  x '  "  decay  mode.  Since  all  three  pion-field  terms  are 
weighted  equally,  one  immediately  observes  that  if  the  x ' 
basic  vertex  is  characterized  by  a  strength,  say,  g,  then 
the  x  vertex  is  characterized  by  the  strength  2g.  The 
two  decay  modes  will  be  considered  separately. 

III.l  x  Decay  of  the  K+  Meson  (K+  -+•  tt+tt+tt") 

Assuming  that  final-state  interactions  occur  bet¬ 
ween  pairs  of  pions  ,  the  diagrams  contributing  to  the  se¬ 


cond  order  matrix  element  are 


r  J  a 
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k+ 


-  3 

+  1 


^  1 


where  the  pions  are  labelled  1,  2,  and  3  as  shown,  with  3 
designating  the  "odd"  pion  (in  this  case,  the  negative  pi- 
on)  .  Each  of  these  diagrams  must  be  summed  over  all  poss¬ 
ible  intermediate  states.  For  the  first  diagram,  the  only 
possible  intermediate  state  is  the  one  with  two  positively 
charged  pions  (by  conservation  of  charge).  In  the  second 
and  third  diagrams,  however,  the  intermediate  state  is  a 
neutral  two-pion  state  and  therefore  can  be  either  or 

7T°7T°  .  Notice  that  if  the  intermediate  state  contains  two 
charged  pions,  the  basic  weak  vertex  is  the  x  vertex, 
whereas  if  the  intermediate  state  contains  two  uncharged 
pions,  the  basic  vertex  is  the  xT  vertex.  The  K-meson  is 
a  spinless  particle  so  that  the  two  pions  may  interact  in 
the  final  state  in  either  an  s-state  or  a  p-state,  with 
the  third  pion  in  an  angular  momentum  state  which  makes 
the  total  angular  momentum  zero  (d-waves  are  suppressed  by 


t  .  . 


fI-  >’  ©  ’£  .u  ns  5r>  1  .  ;tb  •  tf  ■*  :.> 
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a  centrifugal  barrier).  Only  the  s-wave  pions  will  be  con¬ 
sidered  in  this  section.  The  p-wave  analysis  for  both  the 
t  and  xT  modes  is  done  in  Section  III. 3  . 

The  effect  of  the  basic  vertex  is  given  by  g  or 
2g  as  shown  previously.  The  effect  of  the  pion-pion  ver¬ 
tex  will  be  denoted  by  iT^^^^ ,  where  oi£  are  the  charge  in¬ 
dices  of  the  intermediate  state  pions  and  y<5  are  the  charge 
indices  of  the  final- state  pions  which  have  taken  part  in 
the  final-state  interaction.  For  example,  T++  ++  repre¬ 
sents  the  scattering  of  two  positively  charged  pions.  The 
effect  of  propagating  the  intermediate  state  pions  between 
the  vertices  will  be  denoted  by  I(i),  where  i  is  the  num¬ 
ber  of  the  pion  not  taking  part  in  the  final-state  interac¬ 
tion.  Then,  after  summing  over  intermediate  states  in  dia¬ 
gram  1(a)  (only  one  intermediate  state  in  this  case),  the 
contribution  from  this  diagram  to  the  t  matrix  element  is 
given  by  (redefining  I  •*  il ,  for  reasons  given  later) 

26  K3)  T++j++  . 

In  diagram  1(b),  the  possible  intermediate  states  are  (+-) 
(-+),  or  (00).  The  contribution  from  this  diagram  is  then 

2x2g  1(2)  T+_,+-  +  g  1(2)  T00j+_ 


3 


4 
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where  the  extra  factor  of  2  comes  from  the  two  possible 
charged  pion  states,  (+-)  or  (-+).  Similarly,  the  contrib¬ 
ution  of  diagram  1(c)  is 


2*2g  1(1)  T+_)+_  +  g  K1)T00(  + 


By  extended  Bose  statistics,  the  two  interacting 
pions  must  be  either  in  an  I  =  0  or  I  =  2  isospin  state, 
since  their  relative  angular  momentum  is  0.  A  Clebsch- 
Gordan  analysis  shows  that^1^ 


and 


++,++ 

a2 

1 

1  * 

+ 

1 

+ 

1 

II 

3A0 

+  fa2 

1. 

1. 

00,+- 

3Ao 

3A2 

where  Ao  and  A2  are  the  scattering  amplitudes  in  the  1=0 
and  1=2  isospin  states,  respectively.  In  the  zero  range 
approximation 


Ao  ,2  -  32tt  a0 ,2 


where  a0,2  are  the  1=0  and  1=2  scattering  lengths.  Sub¬ 
stituting  for  the  T's  and  collecting  terms,  one  finds  the 
final-state  interaction  correction  term  to  the  t  matrix 


. 


-  .  \ 


element  to  be,  apart  from  a  normalization  constant  which  is 


the  same  for  the  first-order  basic  vertex. 


M 


T,S 


3 2tt  g  a0 


,|l(l)  +  |l(2) 


+ 


3 2tt  g  a2 


jl(l)  +  |l(2)  +  21(3) 


* 


(III. 3) 


where  the  prime  indicates  the  correction  term  and  s  shows 
that  this  is  the  correction  term  when  the  pions  interact 
in  the  s-state.  The  quantity  I(i)  is  an  integral  involv¬ 
ing  two  pion  propagators  and  two  four-momentum-conserving 
6-functions.  Now,  each  6-function  brings  with  it  a  factor 
(2tt)4  and  each  propagator  contributes  a  factor  i/(27r)4. 
However,  it  has  already  been  assumed  that  the  basic  vertex 
is  represented  by  the  quantity  g  ,  so  that  g  already  con¬ 
tains  one  of  the  factors  (2ir)4  arising  from  the  6-function 
at  the  basic  vertex.  Then,  letting  i,  j,  and  k  repre¬ 
sent  the  number  labels  on  the  three  real  pions,  one  has 


I(i)  = 


-i 


2  (  2  TT  ) 


d4k!d4k2- 


6 4 (K-p1-ki-k2 )64(ki+k2-pj-pk) 
(kf  -  m2 ) ( k2  -  m2) 


where  K,  kls  kz,  Pu  p2  are  the  four-momenta  of  the  kaon 
and  the  intermediate  and  final-state  pions.  The  factor  % 
arises  because  of  the  multiplicity  of  the  diagrams.  The 
first  integration  removes  one  of  the  6-functions,  leaving 


■ 
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an  over-all  energy-momentum  conserving  6-function  which 
will  be  considered  part  of  the  normalization  factor  which 
has  been  omitted.  Then,  dropping  the  subscripts  on  the  k’s 
and  defining  e  p^  +  p^  ,  one  finds  that 


I(i ) 


-*i 

2(270** 


d**k 

-  m2) ((k  -  P.)2-  m2) 


(III.  4) 


This  expression  is  Lorentz  invariant  and  can  therefore  be 
evaluated  in  any  convenient  reference  frame.  In  this  case, 
the  frame  corresponding  to  the  centre  of  mass  of  the  two 
interacting  pions  was  found  to  be  most  convenient.  In 
this  frame,  *  Pj  +  p^  =  0  ,  and  p®  =  p£  =  h? ? .  For 
convenience,  one  writes  these  quantities  in  the  two-pion 
centre  of  mass  as  |p^ |  =  |pk|  5  ki  ,  and  pj  =  p£  = 

Then,  since  k^is  the  momentum  and  is  the  energy  of  each 
of  the  pions  J  and  k  ,  the  relation  =  k2  +  m2 

holds.  The  k°  integration  removes  the  i  in  Equation  (III.  4) 
and  then  the  singularity  in  the  k  integral  produces  an  im¬ 
aginary  part  in  I(i).  Now,  the  square  of  the  total  x  mat¬ 
rix  element  is  the  quantity  that  one  would  eventually  like 
to  obtain,  since  only  this  quantity  has  physical  meaning. 

The  matrix  element  is  the  sum  of  the  contributions  from  the 
basic  diagram  and  all  of  the  final-state  interaction  diag¬ 
rams,  and  it  has  the  general  form 


■ 
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Mt,s  *  1  +  C  I(1)  +  C  I(2)  +  C  I(3)  » 


where  the  C’s  are  constants.  To  lowest  order,  the  squares 

of  the  final-state  interaction  contributions  can  be  dropped 

in  |M  |2.  Then  it  is  easy  to  see  that  the  imaginary 
t  ,  s 

parts  of  the  I(i)  cancel  in  the  evaluation  of  |M  |2. 

t  ,  s 

Therefore,  only  the  real  part  of  I(i),  given  by  the  prin¬ 
cipal  part  of  the  integration,  need  be  considered. 

The  principal  part  integration  is  logarithmically 
divergent,  so  that  a  subtraction  must  be  made  at  some  suit¬ 
able  point  in  order  to  remove  the  divergent  term.  The  de¬ 
tails  of  the  calculation  of  I(i)  are  given  in  Appendix  F 
and  the  result  is 


I(i) 


1 

16tt2 


a).  m 

i 


k  o  coo  —  k  o 

—  In  - 

coo  m 


The  kinetic  energy  available  to  the  pions  is  small  ( -  7  5 
Mev),  so  that  k^  <<  Then,  to  order  k 


and  the  expression  for  1(1)  reduces  to 


■ 


' 


,  o>  »  M  ii  J  <S|  4_(  v  ■< 
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I  (  1 )  « 


1 

l6TT2m 


’  ki  k2  ' 

^  0)0  0)±  J 


(III. 5) 


It  is  more  useful  to  have  the  results  in  the  rest  frame  of 
the  kaon.  The  translation  of  all  momenta  to  this  frame  is 
done  as  follows.  In  their  centre  of  mass,  the  two  inter¬ 
acting  pions  have  energies  ok  and  momenta  k\  and  -k^ .  If 
the  third  pion  has  momentum  p^  with  respect  to  the  centre 
of  mass  of  the  kaon,  then  the  centre  of  mass  of  the  two 
interacting  pions  has  momentum  -p^.  The  effective  "mass" 
of  the  two-pion  system  is  2u)^,  so  that  from  conservation 
of  energy  one  has 

M  *  +  /4u)2  +  p?  ,  (III. 6) 


where  M  is  the  kaon  mass  and  Wi  =  v^p2+  m2  is  the  energy  of 
the  l  (noninteracting)  pion.  The  pions  are  non-relati- 
vistic,  so  that  in  good  approximation 

W1  =  m  +  Ti  , 

t  h 

where  is  the  kinetic  energy  of  the  l  pion.  Using  this 
approximation  and  the  relation  w2  =  k2+  m2 ,  Equation 
(III. 6)  can  be  rewritten,  after  some  manipulation,  as 


-  . 

i  o  ;  .  nl 
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M2  -  2M(m  +  T.  )  -  3m2 

k2  =  - - - -  ,  (III. 7) 

1  4 

which  gives  the  relation  between  the  momentum  of  the 
and  ktn  pions  and  the  kinetic  energy  of  the  ith  pion. 

The  maximum  value  of  occurs  for  the  minimum 
k2  which  is  0,  so  that 

M2-  3m2 

T  =  -  -  m  -  50  Mev 

max  2M 


and  Equation  (III. 7)  can  be  rewritten  in  a  more  simplified 
notation  as 


MT_ 


max 


T 

max 


or 


k2  =  m2p2 ( 1  -  t1)  , 


(III. 8) 


where  t ^  is  the  kinetic  energy  of  the  l  1  pion  in  units  of 

T  ,  and 
max J 


MT 


2 


max 


0.64 


2m' 


Defining  an  expression  analogous  to  (III. 8)  for  the  sub¬ 
traction  term  and  using  o>2  =  k2+  m2 ,  Equation  (III.  5)  be- 


t  I 


' 


Jj, 


,  •  r  5  bnjs 


a  i  no  ilhs  t  or: 
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comes 


1 


P2(l  -  to) 


P2 (1  -  t±) 


I  ( i ) 


(l  +  p2  (1  -  t0  ))*5 


(1  +  p2(l  -  t.))55 


16tt2 


1 

-  h(t .  )  . 

l6ir2 


(III. 9) 


Recall  that  the  total  matrix  element  is  the  sum  of  the  ba- 
sic  diagram  contribution  and  the  final-state  interaction 
diagram  contributions.  For  T-decay  the  basic  interaction 
is  given  by  2g.  Thus,  substituting  Equation  (III. 9)  into 
Equation  (III. 3)  and  adding  this  correction  term  to  the 
basic  vertex,  one  finds  the  t  matrix  element  corrected  by 
final-state  s-wave  pion-pion  interactions  to  be 


+  |h(t,)  +  ih(t2)  +  2h(t  3 ) 


.(III. 10) 


If  one  chooses  the  subtraction  point  as  the  sym¬ 


metric  point  t0  defined  by 


M  -  3m 


3t0 


t  i  +  t  2  t  3 


1.5 


T 


max 


one  observes  that,  since  the  functions  h(ti)  and  h(t2) 
occur  in  the  matrix  element  with  the  same  coefficients,  and 


1 1  £  3  0  b 

■ 


«*£ 
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since  these  functions  are  linear  in  t,  one  can  write 
ti+t2=  3to-t3,  and  thus  eliminate  ti  and  t2  from  the 
x  matrix  element.  Then,  using  the  approximation  of  re¬ 
placing  t^  by  t0*  h  in  the  denominator  of  h(t^),  which  in- 

(15) 

volves  an  error  of  at  most  15%  ,  the  matrix  element  as¬ 

sumes  the  simple  form 


T 


,S 


^  1 


-  - t~  (ao-  a2 ) ( 2t 

6tt  ( 1  +  hp2 )  2 


1)  > 

(III. 11) 


where  the  coupling  constant,  g,  has  been  omitted. 

It  is  seen  that  the  correction  term  for  the  x- 
decay  matrix  element  depends,  essentially  linearly,  on  the 
kinetic  energy  of  the  unlike  pion.  The  coefficient  of 
(2t3-  1)  is  determined  by  the  difference  of  the  1=0  and  1=2 
scattering  lengths.  Therefore,  if  the  final-state  pions 
scatter  only  in  the  s-wave,  a  study  of  the  energy  spectra 

of  the  pions  will  determine  ao-  a2 .  Gell-Mann  and  Rosen- 

(19)  (20) 
feld  ,  using  a  plot  compiled  by  Dalitz  ,  have  shown 

that  a  good  fit  to  the  x-decay  date  is  obtained  by 


M  *  1  +  0 . 1 ( 2t  3-  1)  .  (III. 12) 

x 

If  only  s-wave  tt-tt  interactions  occur,  this  suggests  that 


a  2  ~  a  o  — 


0.7 
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However,  even  though  p«wave  interactions  are  suppressed  by 
a  centrifugal  barrier,  they  will  still  have  some  effect  on 
the  matrix  element.  These  effects  are  discussed  in  Section 
III. 3  . 

III.  2  t  1  Decay  of  the  K+  Meson  (K*  -»  0 tt 0 ) 


The  analysis  for  t’  decay  is  the  same  as  for 
decay.  Here  again,  labelling  the  odd  pion  "3"  and  the 
other  two  "l”  and  "2”,  three  types  of  diagrams  contribute 
to  the  correction  to  the  matrix  element: 


2(a) 


2(b) 


and 


2(c) 


Exactly  as  in  x-decay,  the  summation  over  intermediate 
states  yields 


2x2gl( 3)T+ 


,00 


00,00 


+  gI(3)T 


' 
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for  Diagram  2(a), 


2gl(2 )T+0^+q 


for  Diagram  2(b),  and 


2gI(l)T+0^+0 


for  Diagram  2(c).  A  Clebsch-Gordan  analysis  shows  that 


o 

o 

*\ 

i 

+ 

=  jAo- 

|a2 

-  32tt(  ja0-  ^-a2 ) 

T00,00 

=  iAo  + 

|a2 

-  3  2  TT  (  ja  o  +  2  ) 

and 

T 

1+0,+0 

=  |-A2 

rs* 

327r(|a2) 

Then,  using  the  same  h-functions  defined  previously,  one 
finds  that 


M 


x ;  s 


=  g  a0- 


10 


3tt 


h(t  3 )  + 


TT 


2h( t ! )  +  2h ( t  2 )  -  ^h(t3)J 

(III. 13) 


Now,  the  basic  t'  vertex  has  the  strength  g,  so  that,  fac¬ 
toring  out  the  g  in  the  correction  term  (rather  than  2g  as 
in  T-decay)  and  adding  the  two  terms,  one  can  write  the 


matrix  element  as 
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'v  1 


+ 


_5 

3tt 


"*  T7  (  3-  0  ~  3-2)(2t3  — 

(1  +  hp2 ) 2 


1)  . 

(III. 14) 


One  sees  that  the  correction  term  in  this  matrix  element 
is  also  linear  in  1 3 ,  just  as  was  found  for  the  t  matrix 
element.  For  t*  decay  however,  the  coefficient  of  t3  has 
twice  the  magnitude  and  the  opposite  sign. 


These  results  for  the  effect  of  final-state  in¬ 
teractions  agree  with  the  results  obtained  by  Khuri  and 
( 15) 

Treiman  .  If  the  pions  were  emitted  in  strictly  an  s- 
state,  then  the  value  of  a<>-  a.2  could  be  determined  by  a 
Dalitz  analysis  of  K+  decay  data.  However,  the  two  inter¬ 
acting  pions  can  be  in  a  p-state  of  angular  momentum  with 
the  third  pion  also  in  a  p-state  with  respect  to  the  kaon 
rest  frame  so  as  to  make  the  total  angular  momentum  zero. 
The  lowest-mass  two-pion  p-state  resonance  known  is  the  p 
meson.  This  resonance  dominates  tt-tt  p-wave  scattering  at 
energies  of  about  750  Mev.  It  will  be  assumed  that  the 
resonance  also  determines  low-energy  tt-tt  scattering.  Then, 
the  sum  of  the  basic  vertex  plus  the  s-wave  final-state 
interaction  corrections  plus  the  p-wave  final-state  inter¬ 
action  corrections  is  expected  to  describe  the  actual  kaon 
decay  within  a  small  error,  since  higher  angular  momenta 


. 


,<HJ 
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are  suppressed  by  a  centrifugal  barrier. 


III. 3  p-wave  tt-tt  Interactions  in  t  and  tt  Decays 


With  the  assumption  of  p-dominance  of  the  p-wave 
it-tt  interaction,  the  diagram  corresponding  to  K  ■>  3tt  de¬ 
cay  is  11 


In  attempting  to  write  a  suitable  Lagrangian  for  this  dia¬ 
gram,  it  is  instructive  to  first  consider  the  process  p  -> 
2tt,  which  is  exhibited  in  the  right-hand  vertex  in  the  a- 
bove  diagram. 

( 21 ) 

The  rho  meson  is  a  vector  meson  ,  and,  since 
it  must  obey  overall  Bose-Einst ein  statistics,  has  isospin 
1.  The  rho  decays  only  into  two  pions,  which  must  be  emit¬ 
ted  into  an  1=1  state  by  conservation  of  angular  momentum. 
This  state  has  odd  parity  and  hence,  since  the  strong  in¬ 
teraction  conserves  parity,  the  p  also  has  odd  parity. 

Therefore,  a  suitable  Lagrangian  for  the  rho  decaying  into 

.  ,  ,  (22) 
two  pions  is 


L 


j 


(III. 15) 
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where  the  vector  signs  indicate  isovectors.  Notice  that 
the  pions  are  in  an  antisymmetric  state,  as  required.  The 
decay  of  the  p0  into  two  neutral  pions,  for  example,  is  not 
allowed,  since  the  two  identical  bosons  would  have  to  be  in 
a  symmetric  state,  implying  an  even  value  for  Z . 

The  four-derivative  operating  on  the  pion  field 
will  produce  a  factor  proportional  to  the  pion’s  four- 
momentum.  Explicitly, 


-§x-  -  *  1  v  *  (III. 16) 

P 

where  the  plus  sign  applies  if  the  field  annihilates  a  pi¬ 
on  and  the  minus  sign  applies  if  the  field  creates  a  pion. 

The  Lagrangian  can  be  written  in  another  form  as 


L 


s 


Erst 


(III. 17) 


where  e  ^  is  the  antisymmetric  tensor  with  rst  the  isovec¬ 
tor  indices  of  the  fields,  and  ° 3  *  is  defined  by 


A 


3B 


3x 


y 


3  A 
3x 


B 


The  factor  h  in  (III. 17)  is  included  because  each  term  in 
the  expansion  of  L  occurs  twice  -  once  from  the  sum  over 
r,s,t  and  once  from  the  operator  Note  that  the  Lagran- 
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gian  (III.  15)  is  formally  identical  with  (III. 17)  only  be¬ 
cause  the  isovector  product  involves  two  identical  fields. 
If  the  fields  are  different,  the  form  (III. 17)  must  be 
used . 

In  the  usual  way,  the  components  of  the  isovec¬ 
tor  fields  may  be  written  in  terms  of  the  charged  fields 
as  (See  introduction  to  this  chapter) 

4>  +  4>_ 

4)i  =  — 7=— 

yfir 

4> 4> 

4)2  =  — - - -  (III. 18) 

i  /2~ 

4>3  ■  4)o 


The  same  relations  hold  for  the  p-meson  field.  Then,  using 
the  relation  (III.16),  the  r,s,t  =  1,2,3  term,  for  example, 
in  the  expansion  of  (III. 17)  is 


(P++  p_y 


2i 


4>+(-ik0  )y4>o  -  4)_(-iko  )y4>o 


-  (-ik+)  4>+4>o  +  (-ikj  4>_> 


which  reduces  to 


(P.+  P.),,  ) 

-  (k+-  ko)^4>+4)o  +  (ko-  k__)^4>_4>oj 
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The  r,s,t  =  1,3,2  term  is  the  negative  of  this  with  the 
charge  indices  in  the  expression  reversed.  Since  this  also 
reverses  the  sign  of  the  momentum  term,  the  fields  and  mo¬ 
menta  are  seen  to  occur  in  the  combination,  for  example, 

(k+-  k0 )  ( 4>+4> o  +  4> o 4>+ ) 

Now,  in  the  process  relevant  to  K+  -*  3^  decay,  either  p  + 
or  p°  is  annihilated  to  produce  positive  and  neutral  pions. 
(  A  p”  can  never  be  involved  in  K+  -*  3tt  decays  because  it 
decays  into  it”  +  tt°.)  Then,  expanding  the  rest  of  the 
Lagrangian  in  a  similar  way  and  retaining  only  terms  per¬ 
tinent  to  K+  -+  3tt  decay,  one  finds 


=  f  e 
s  y 


(k+-  k0  )yP_(^+4>o  +  <J>o<}>+) 


+  (k_-  k+)^p0  ( +  ♦_♦+)]. 

(III. 19) 

where  e  is  the’  polarization  vector  of  the  p-meson. 

y 

One  sees  from  the  above  expression  that  the  p- 
meson  decays  into  antisymmetric  two-pion  states  and  that 
the  effective  coupling  is  the  same  (^f  )  for  both  the 
charged  and  uncharged  p  decay.  The  charged  p  decay 
appears  in  x’  kaon  decay  and  the  uncharged  p  decay  ap¬ 
pears  in  x  kaon  decay. 
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Now,  the  K-p-tt  vertex  must  be  considered.  First 
of  all,  if  the  | A I j  =  \  rule  is  valid,  the  singly-charged 
final  state  must  have  isospin  1  with  13=  1.  The  (I;l3)  = 
(1;1)  isospin  wave  function  in  terms  of  the  rho  and  pion 
fields  is 


1 i;i>  =  — 

|<f>  ,Po>  -  |  P 0 4> .  > 

/2 

1  T  1  + 

which  is  antisymmetric  under  the  exchange  of  the  charge  in¬ 
dices  of  the  two  particles.  Also,  a  consideration  of  the 
"crossed"  reaction  p  -*  K  +  tt  shows  that  the  kaon  and  pion 
must  be  in  a  relative  p-state  of  angular  momentum.  Consi¬ 
der  the  four-vector  (k  -  K)  ,  where  k  is  the  pion  four- 
momentum  and  K  is  the  kaon  four-momentum.  In  the  centre 
of  mass  of  the  two  particles,  one  has 

(k  -  K)  =  {(u^-  wK)  ,  21c>  .  (III. 20) 

If  the  kaon  and  pion  masses  are  equal,  this  expression  is 
antisymmetric  under  exchange  of  the  K  and  tt  ,  so  that  in  a 
higher  symmetry  where  m  =  M,  the  pure  K-tt  p-state  is  rep¬ 
resented  by  a  term  of  the  form  (k  -  K) .  Therefore,  one  can 
make  the  approximation  of  representing  the  K-tt  p-state  with 
m  /  M  by  the  term  (III. 20).  This  approximation  is  further 
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justified  by  the  fact  that 
tex  into  the  components 


if  one  expands  the  K-p-ir  ver- 


a  term  such  as  (k  -  K)  is  automatically  produced.  (Actual¬ 
ly,  the  momentum  term  occurs  explicitly  as  (k  +  K),  which 
is  the  antisymmetric  term  for  one  particle  in  the  initial 
state  and  one  particle  in  the  final  state.) 

In  the  above  approximation,  the  phenomenological 
Lagrangian  for  the  K-p-ir  vertex  has  the  same  form  as  that 
for  the  p-tt-tt  vertex.  That  is. 


—  f 

2  w 


erst 


(III. 21) 


where  J  is  the  fictitious  spurion-kaon  isovector  field, 

S  t  K.  The  subscript  w  on  the  coupling  constant  f  in- 
dicates  that  this  is  a  weak  vertex,  whereas  the  p-tt-tt  ver¬ 
tex,  with  coupling  constant  f  ,  is  strong.  The  isovector 

s 

components  of  ?  are  given  by 
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#  * 

-  (s  3  5 

'1  o' 

+ 

_  #  +  *  o 

(III. 22) 

=  S  K  -  S  K° 

.0  -1 

K° 

One  now  expands  the  Lagrangian  in  terms  of  the  charged  me¬ 
son  fields,  retaining  only  those  terms  relevant  to  K+  -*  3tt 
decay  and  omitting  the  spurion  fields,  and  obtains 


/2  f  e  (k  +  K) 


w  y 


y 


v+  + 

K  p  7T 


(III. 23) 


The  factor  /2  arises  because  the  fields  $i,  $2s  $3  have 

not  been  normalized.  This  factor  will  be  absorbed  into  the 

coupling  constant  f  .  Notice  that  if  the  K+  -*•  p°tt+  vertex 

w 

(x-decay)  is  characterized  by  the  coupling  constant  f  , 

w 

then  the  K+->-  p+7r°  vertex., ( x  ’-decay )  is  characterized  by  -f  . 


Having  established  the  isospin  properties  of  the 
two  vertices  in  the  charged  kaon  decay,  one  now  must  in¬ 
clude  the  dynamics  of  the  process  arising  from  the  presence 
of  the  virtual  p-meson.  x-decay  involves  the  decay  of  a 
p°  into  tt+7t”  and  x*  decay  involves  the  decay  of  a  p+  into 
7T+7r°  .  Hence,  the  pion  of  unlike  charge,  the  "odd"  pion, 
always  takes  part  in  the  final-state  interaction.  As  was 
done  before,  the  odd  pion  is  labelled  by  ”3"  and  the  other 
two  pions  are  labelled  by  "1"  and  ”2”.  If  I(i)  is  defined 
as  the  contribution  to  the  matrix  element  from  the  process 


. 


v  ‘:o 
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in  which  pions  j  and  3  interact  via  the  p  channel,  then 


and 


i 


T,P  =  V15  +  XT(2) 

(III. 24) 

T,p  =  IT,(1)  +  It,(2)  . 

(III. 25) 

From  the  form  of  the  Lagrangians  it  is  evident  that  I  (i) 

=  -IT,(i),  so  that  only  I  (i)  need  be  calculated.  To  cal¬ 
culate  I  (i),  one  combines  the  two  Lagrangians  and  takes 
the  matrix  element  between  the  initial  and  final  states 
for  T-decay.  Then,  for  i,J  =  1  or  2, 


I  ( i )  =  f  f 

t  w  s 


6  -  k  k  /m 2 

d*k  (k,+  k)  — ^ — u_s_e_(kir  k  ) 

1  u  k2-  m2  -1 

P 


rv 


X  6  4  ( K  -  k.- 


4(k! -  k.-  k3) ,  :  (III. 26) 

J 


where  the  factor  in  the  numerator  of  the  p-meson  propagator 

(po  ) 

comes  from  the  sum  over  the  polarizations  of  the  p  D  . 

Here  K  represents  the  four-momentum  of  the  kaon  and  k^ ,  kj , 
and  k3  represent  the  four-momenta  of  the  pions.  As  in  the 
case  of  s-wave  final-state  interactions,  the  normalization 
factors  common  to  both  the  basic  vertex  and  the  correction 
term  have  been  omitted.  Evaluating  the  integral  and  leav¬ 
ing  out  the  overall  energy-momentum  conserving  6-function, 


one  has 
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I 
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(i) 


f  f 
s  w 


(K  -  k2)2  -  m2 

P 


(K  +  k1)-(k3-  kj) 


1 


irf 


'v  ( 


(K  +  ki)*(K  -  k±) 


(K  -  k. ) • (k3-  k.) 

1  o  ; 


(III. 27) 


With  the  assumption  that  the  pion  masses  are  degenerate, 

the  last  term  gives  no  contribution,  since,  by  energy- 

momentum  conservation,  K  -  k.  =  k.+  k3  and  kf-  k2  =  m2 

i  j  j  tt3 

m2  =  0. 

"j 

At  this  stage  it  is  convenient  to  define  the 
three  scalar  variables: 


s±  =  (K  -  kp2  i  =  1,2,3 


Then,  using  K  +  k^  =  2K  -  kj -  k3,  one  finds,  for  pions  2 
and  3  interacting 


f  f 

X  (1)  =  - §_W -  (  S  2  ~  S3)  .  (III. 28) 

T  -B|+  m2 

P 


I  (2)  is  the  same  as  I  (1)  with  the  indices  1  and  2  inter- 
T  T 

changed.  Then,  the  p-wave  correction  to  the  t  matrix  ele¬ 
ment  is  (Compare  Riazuddin  and  Fayyazuddin  -  196l)^2^ 
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t  ,P 


f  f 
s  w 


s  2-  s3 


-s i +  m‘ 


s  i-  s3 


-s2+  m^ 


(III. 29) 
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This  result  for  the  p-wave  correction  may  be 
translated  to  the  rest  frame  of  the  kaon.  First,  one  notes 
that  the  maximum  value  for  Sj  or  s2  is  (M  -  m) 2  -  6.25  m2 
and  that  m2  -  29  m2  .  Therefore,  it  is  a  reasonable  ap- 

r 

proximation  to  neglect  si  and  s2  in  the  denominators  of 
the  correction  terms.  Then,  since 


s  i  +  s  2+  s3  =  (K-k’i)2+  (K-k2)2+  (K-k3)2  =  M2+  3m2  , 

(III. 30) 

the  contribution  from  the  p-wave  pion-pion  interaction  may 
be  written  as  a  function  of  s3  only.  That  is. 


M 


T  *P 


=  f  f 
s  w 


M2+  3m2-  3s  3 


nr 


(III. 3D 


In  the  centre  of  mass  of  the  kaon,  K  =  (M  ,  0)  and  k3= 

( a) 3  3  k3),  where  wf  =  k3  +  m2.  Then,  since  the  pions  are 
nory-relativistic ,  one  may  make  the  approximation 


w3  -  m  +  T3  , 


where  T3  is  the  kinetic  energy  of  the  odd  pion.  Upon  mak¬ 
ing  these  substitutions,  one  has 


s  3  =  (M  -  m) 


2 


2MT  3  . 


(III. 32) 


■ 
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As  in  the  case  of  the  s-wave  final-state  interactions,  one 
defines  the  quantity 


1 3 


T3/T 


max 


j 


where  T  is  defined  in  Section  III.l  and  is  approximately 

IIlclX 

equal  to  50  Mev.  One  also  defines 


P 


2 


MT 


max 


2m : 


j 


and,  substituting  these  quantities  into  Equation  (111.31)* 
the  p-wave  correction  to  the  t  matrix  element  can  be  simply 
written  as 


M 


T,P 


f  f 
s  w 


6m2p2(2t3-  1) 


m. 


(III. 33) 


Now,  recall  that  the  strong  p-tt-tt  vertex  has  coupling  con¬ 
stant  f  for  both  t  and  x '  decays,  but  the  weak  K-p-tt  ver- 

o 

tex  has  coupling  constant  f  for  x  decays  and  -f^  for  x* 
decays.  Therefore,  the  p-wave  correction  to  x’  decay  is 
just  the  negative  of  the  correction  to  x  decay.  That  is. 


m'  « 

T,P 


6m2  p2 ( 2t  3-  1) 


f  f 
s  w 


m‘ 


(III. 34) 


Notice  that  these  p-wave  terms  have  the  same  energy  depen- 
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dence  as  the  s-wave  correction  terms.  One  can  now  add  Eq¬ 
uations  (III. 33)  and  (III. 34)  to  Equations  (III. 11)  and 
(III. 14)  to  obtain  the  total  corrected  x  and  x’  matrix  ele¬ 
ments.  Then s  squaring  and  retaining  terms  only  up  to  first 

t  i 

order  in  the  corrections,  and  Mt ,  ,  one  finally  obtains 
for  the  squares  of  the  total  matrix  elements  the  results 


and 


\  I M  I  2 
1  x  1 


I M  . 

i  T  t 


'v  1  + 


3tt 


P2 (a0-  a2 ) 
(1  +  hp2 Y* 


6m2p2f  f  1 
K  s  w 


g  m; 


( 2t  3 -  1)  (III. 35) 


^1-2 


P 2 ( a0 -  a2) 


3tt 


(1  +  hp2 )* 

( 2t  3 -  1)  .  (111.36) 


6m2p2f  f  ] 
s  w 


g  m; 


; 


The  factor  g  (the  coupling  constant  for  the  basic  or  "no 
final-state  interaction"  K  ->  3^  vertex)  in  the  denominator 
of  the  p-wave  term  arises  because  a  factor  g  has  been  fac¬ 
tored  out  and  then  omitted  from  the  squared  matrix  ele¬ 
ments.  The  basic  interaction  term  and  the  s-wave  correc¬ 
tion  term  are  proportional  to  g,  but  the  p-wave  term  is 
not;  hence,  the  factor  1/g  in  the  p-wave  term. 


Thus,  the  inclusion  of  p-wave  pion-pion  final- 


state  interactions  still  leaves  the  energy-dependent  parts 


rc® 
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of  the  squares  of  the  t  and  t?  matrix  elements  proportional 

to  ( 2 1 3  —  1),  where  t3  is  the  kinetic  energy  of  the  pion  of 

unlike  charge.  Also,  the  coefficient  of  the  kinetic  energy 

term  in  the  t'  matrix  element  remains  twice  as  large  as 

and  opposite  in  sign  to  the  coeffient  of  the  kinetic  energy 

term  in  the  t  matrix  element,  just  as  was  found  when  only 

s-wave  7T-7T  interactions  were  considered. 

Now,  the  magnitude  of  the  p-tt-tt  coupling  constant 

can  be  estimated  from  the  mass  and  width  of  the  p  reson- 

(25) 

ance.  M  'v  750  Mev  and  r  ^  100  Mev,  so  that 
P  P  ’ 

f  'v  /JjBttT  /M  ^  4 

s  p  p 

Hence,  if  one  has  a  value  for  either  one  of  (ao-  a2)  or  f  , 

w 

the  other  can  be  readily  calculated  by  using  the  experi¬ 
mental  results  for  K+  -+  3tt  decay.  Equation  (III. 12)  gives 
the  experimental  value  for  | M^_  |  2  : 

|M  |2  ^  1  +  0 . 2  (  2t  3  -  1) 

(26) 

One  can  use,  for  example,  Weinberg’s  result^  ,  which  sug¬ 
gests  that  a0  =  0.2  (which,  incidentally,  can  be  explained 
by  any  of  the  form  factors  proposed  in  Chapter  II) ,  and 
a2  =  -0.06.  Then,  ao-  a2  =  0.26  ,  and  this  value  can  be 
substituted  into  Equation  (III.  35) s  together  with  the  a- 
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bove  value  for  f  ,  and  the  ratio  f  /g  can  be  calculated. 

o  W 

This  turns  out  to  be 


f 

^  0.5  .  (III. 37) 

O 

Thus,  if  the  (weak)  K-p-ir  vertex  has  about  one-half  the 

strength  of  the  (weak)  K-3tt  vertex,  a  difference  of  0.26 

between  the  1=0  and  1=2  s-wave  tt-tt  scattering  lengths  will 

lead  to  the  correct  x  matrix  element.  If  the  ratio  f  /g 

w 

is  less  than  about  0.4  it  will  take  a  negative  value  of 
(ao-  a2 )  to  reproduce  experimental  results,  and  if  f  /g 
is  zero  (ao-  a2 )  turns  out  to  be  approximately  -0.7*  It 
would  be  very  useful,  then,  to  have  some  accurate  estimate 
of  f^,  since  g  can  be  calculated  from  the  x  decay  rate  of 
K+  and  hence  the  difference  (ao-  a2)  could  be  determined 
with,  one  believes,  a  fair  degree  of  accuracy. 
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CHAPTER  IV  K„  DECAY 

- Z  4  - 

In  Chaper  II,  various  parametrized  forms  for 
the  K-tt-tt  form  factor  were  proposed,  and  the  parameters 
were  adjusted  to  fit  experimental  data,  in  this  case 
the  K®  -  K°  mass  difference.  Inasmuch  as  the  energy 
dependence  was  fixed  by  the  type  of  parametrization  used, 
one  could  not  obtain  explicit  information  about  the  struc¬ 
ture  of  the  form  factor;  one  could  only  say  that,  if  the 
form  factor  has  some  particular  parametrized  structure, 
then  the  parameters  have  certain  possible  values.  In  this 
chapter,  a  slightly  different  approach  will  be  used.  The 
hadronic  (K-tt-tt)  part  of  K0  decay  will  be  written  in  its 
most  general  form  and  the  matrix  element  will  be  calcu¬ 
lated  assuming  that  all  the  energy  dependence  in  the  pro¬ 
cess  comes  from  pion-pion  final-state  interactions.  Then 
the  energy  dependent  part  will  be  identified  with  certain 
K-tt-tt  form  factors. 

If  one  assumes  a  current-current  type  interaction 

for  the  Kn  process,  the  Hamiltonian  is  written 
z  4 


H 


j 


s'  ' 


where  J  is  the  hadron  current  and  j  is  the  leptonic 
current.  Then  the  matrix  element  for  this  process  is 

M  =  y  <  2  tt  £  v  |  J  Inxnlj  I  K> 
l  y  1  Ju  1 

where  the  sum  is  over  all  possible  intermediate  states. 
Since  contains  only  hadron  field  operators  and  j 
contains  only  lepton  field  operators  the  matrix  element 
can  be  factored  as 

M  =  <2tt  I J  I  K>  <£v  I J  |o>  . 

1  y  1  y  1 

The  right-hand  part  is  the  well-known  leptonic  matrix 

element,  which  provides  information  about  the  behaviour 

of  the  leptons.  It  will  not  be  considered  further. 

The  hadronic  matrix  element  can  be  written  in 

(27 ) 

its  most  general  form  as 

Ay  =  Fi(pi+  P2)u+  F2(P>-  P*)p 

+  F3(K  -  Pl-  p2)p  +  F„  evivp(JKvplpp2o  (IV. 

where  K,pi,p2  are  the  exterior  four-momenta  of  the  kaon 
and  the  two  pions  respectively.  is  the  matrix  element 
for  the  point  interaction.  In  this  most  general  form  the 


TS; 
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form  factors  are  functions  of  the  invariants  K2  ,  p2  ,  p2 , 
K* p i ,  K»p2  and  Pi*p2.  However,  initially  it  will  be 
assumed  that  the  F^ ’ s  are  constants  for  the  basic  point 
interaction  and  that  all  the  energy  dependence  of  the 
matrix  element  comes  from  a  process  represented  by  the 
diagram  ^  it 


The  pions  may  scatter  in  the  symmetric  s-state 
with  I  =  0  or  2,  or  in  the  antisymmetric  p-state  with 
1=1.  The  term  Fi(pi+  p2)  in  the  matrix  element  is 

r* 

symmetric  in  pi  and  p2  and  therefore  represents  s-wave 
scattering.  Similarly,  F2(pi-  P2)^  represents  p-wave 
scattering . 


IV. 1  s-wave  Pion-Pion  Interactions 

In  the  expression  for  A  ,  the  F2  and  F4  terms  are 
antisymmetric  in  pi  and  P2  and  therefore  will  not  contri¬ 
bute  to  the  s-wave  process.  The  F3  term  contains  the  fac¬ 
tor  (K  -  pi-  p2)  ,  which,  by  energy-momentum  conservation, 

P 

is  equal  to  the  four-momentum  of  the  leptons.  Therefore, 


' 

. 


•p 
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when  it  couples  with  the  leptonic  part  of  the  matrix  ele¬ 
ment,  it  will  produce  terms  of  order  m^ ,  where  m^  is  the 
mass  of  a  lepton,  and  so  it  will  be  neglected.  Then,  the 
matrix  element  for  the  s-wave  tt-tt  interaction  is 


dl*k1d,*k2 

-  F,(k!+  k,) 

(kf  -  m2)(kl  -  m2)  w 

*  1Tae,Y«  s‘*(K-ki-k2-kjl-ku)«‘*(k1+k2-p1-p2)  , 

(IV. 2) 

where  iT^  represents  the  pion-pion  scattering  process. 
One  integration  will  remove  one  of  the  6-functions  and  the 
other  6-function  will  be  absorbed  into  the  normalization. 
The  remaining  integral  is  identical  with  Equation  (III.  4) 
and  the  calculation  is  done  in  Appendix  F.  In  this  case, 
however,  the  imaginary  part  will  not  be  neglected.  The 
integral  is  logarithmically  divergent  so  that  a  subtrac¬ 
tion  was  performed  to  remove  the  divergence.  Then,  choos¬ 
ing  the  subtraction  point  at  threshold  (k0=  0),  one  has 


M1 


2(2tt) 


fi(pi+  p*yaBjY6 


16tt  2a) 


k  +  a) 

In -  + 

m 


ik 


; 


3  2ttcc 

( IV".  3 ) 


where  the  matrix  element  is  given  in  the  centre  of  mass  of 
the  two  pions. 

If  one  assumes  the  validity  of  the  AS  =  AQ  rule, 
then,  in  the  decay  of  a  charged  kaon  into  two  pions  and  a 


. 
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lepton  pair,  the  leptons  carry  the  charge  of  the  kaon  and 
the  pion  pair  is  neutral.  The  two  possible  neutral  pion 
pairs  are  (+-)  and  (00).  In  this  paper,  only  the  decay 
K+  -*■  tt+  +  tt”  +  H  +  \7  will  be  considered.  The  forms  of  T 
applicable  to  this  process  can  be  found  by  the  technique 
used  in  Chapter  III.  These  are 


and 


-  3  2tt 


+ 


T 


00,+- 


32tt 


(IV. 4) 


where  ao  and  a2  are  the  1=0  and  1=2  s-wave  scattering 
lengths.  The  summation  over  intermediate  states  includes 
(+-),  (-+),  and  (00).  The  dynamics  are  the  same  for  each 
of  these  cases  so  that  one  simply  adds  the  three  T-matri- 
ces.  Notice  that  the  1=2  scattering  length  will  not  con¬ 
tribute.  Then,  adding  the  expression  (IV. 3)  to  the  con¬ 
tribution  from  the  basic  vertex,  one  has  for  the  total  had¬ 
ronic  matrix  element 


Mj]  =  Fi(pi+  p2)y 


1  + 


2a0k 


TT  CO 


ln- 


k  +  oo 


m 


(28) 


iao  k 


oo 


(IV. 5) 


By  time  reversal  invariance  ,  the  s-wave  mat¬ 


rix  element  can  be  written  in  the  form 


' 


}  , 
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My  -  F i ( k 2 )  e16°  (p!+  p2)y  , 


(IV. 6) 


where  6o  is  the  s-wave  phase  shift  and  Fi(k2)  is  real.  To 
write  Equation  (IV. 5)  in  the  form  (IV. 6),  one  sees  that  one 
must  have 


F,(k2) 


2a0k 


TT(D 


ln- 


k  +  u) 


m 


co ' 


J (IV. 7) 


Also,  if  the  phase  shift  is  small,  one  can  write 


1  +  iS0  , 


so  that  at  low  energies  (k  <<  w)  one  can  make  the  identi¬ 
fication 


6  o 


arctan 


aok/u) 

2a°k  in  k  +  co 
it  co  m 


(IV. 8) 


One  can  observe  that  this  phase  shift  is  identical  with  the 

(29) 

Chew  -  Mandelstam  parametrization  for  the  phase  shift. 


The  energy-dependent  form  factor  (IV. 7)  is  seen 
to  diverge  logarithmically  at  high  energies.  This  is  con¬ 
trary  to  the  expected  general  behaviour  of  the  form  fac- 


■ 


' 
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tors.  However,  this  expression  was  derived  assuming  that 
the  pion-pion  T-matrix  is  constant  and  while  one  hopes 
that  this  approximation  is  valid  in  the  low-energy  region, 
one  certainly  does  not  have  as  much  confidence  in  the  ap¬ 
proximation  at  higher  energies.  In  any  case,  in  the  semi- 
leptonic  decay  of  the  kaon  at  rest,  there  is  an  upper  li¬ 
mit  to  the  possible  energies  of  the  pions  because  of  ener¬ 
gy  conservation,  and  so  there  is  an  upper  limit  to  the 
range  in  which  the  form  factors  can  be  experimentally  de¬ 
termined.  This  means  that  the  extreme  high-energy  behav¬ 
iour  of  the  form  factor  is  irrelevant  to  the  problem  of 
kaon  decays.  The  energy  dependence  of  the  form  factors 
is  displayed  in  Figure  5  for  various  values  of  ao . 


IV. 2  p-wave  Pion-Pion  Interaction 

The  term  in  (IV.l)  that  contributes  to  the  pro¬ 
cess  containing  p-wave  tt-tt  interactions  is  F2(pi-  P2)  • 

r1 

The  F4  term  can  also  make  some  contribution.  However, 
notice  that,  in  the  centre  of  mass  of  the  kaon,  K  =  (w^,0) 
so  that  p 2  =  -Pi-  (p£+  Pv)  •  Then,  since  GyvpaKvqpqa  = 

0  from  the  definition  of  e,  the  F4  term  reduces  to 

Fite  „  K~p  1  (p„+  p  )  ,  which  produces  terms  of  the  order 

of  the  lepton  mass.  Therefore,  the  F4  term  can  be  neglec- 
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ted. 

Two  pions  in  a  p-state  can  interact  via  the  p 
resonance  of  mass  -  770  Mev.  This  is  the  lowest  mass  p- 
wave  tt-tt  resonance  known  and  so  one  makes  the  reasonable 
assumption  that  it  will  account  for  most  of  the  energy 
dependence  of  the  tt-tt  scattering  process.  Since  the  ener¬ 
gy  available  to  the  two  pions  in  decay  is  small,  the 

tt-tt  scattering  will  take  place  at  energies  far  away  from 
the  p  mass  and  therefore  the  p-wave  phase  shift  will  be 
small  and  can  be  neglected.  Then  all  the  energy  depen¬ 
dence  of  the  p-wave  form  factor  will  come  from  the  p-meson 
propagator.  That  is 


1 

F2(pi-  p2)  =  g  — - - - - —  f8(Pi-  P2)u  (IV. 9) 

^  mp  (Pi+  P2) 

g  f 

F2  ( k2  )  =  - — -  ,  (IV. 10) 

m2  -  4oo2 
P 


where  oo  is  the  energy  of  each  of  the  pions  in  their  centre 
of  mass,  f  is  the  p-tt-tt  coupling  constant  and  gw  is  the 
weak  K-p-£-v  coupling  constant. 


It  can  be  seen  that  F2(k2)  will  not  show  much 

energy  dependence  because  m  is  much  larger  than  the  max- 

P 

imum  energy  available  to  the  pions.  Fi(k2)  is  also  slowly 
varying,  but  its  energy  dependence  has  different  character 
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istics  for  opposite  signs  of  ao ,  the  1=0  s-wave  scattering 

length.  For  a0>0,  the  form  factors  have  positive  slope 

everywhere  and  at  high  energies  they  increase  as  (In  k)2. 

For  ao<0,  on  the  other  hand,  the  energy  dependence  is  more 

complex.  By  differentiating  (IV. 7)  twice,  one  finds  that 
-4 

for  —  <  ao  <  0  ,  the  form  factor  decreases  initially  as 

k  rises  from  0.  Then,  as  k  increases  further,  the  form 

factor  increases  until,  at  very  high  energies,  it  approach- 
.  .  ,  _4 

es  (In  k)  .  For  ao  <  —  ,  the  form  factor  has  positive 

slope  everywhere,  just  as  it  had  for  ao  >  0. 

The  K+  -*  TTf  +  tt"”  +  l  +  v  decay  is  useful  for  the 
study  of  pion-pion  interactions  because  the  hadronic  mat¬ 
rix  element  contains  only  ao ,  and  not  (ao-  a2)  as  in  the 
K+  3^  decay.  Therefore,  if  the  K-p-A-v  coupling  constant, 

g  ,  were  known,  the  1=0  s-wave  tt-tt  scattering  length  could 
w 

be  determined  for  the  simple  models  used  here.  Then  ao 
could  be  obtained  using  the  method  outlined  in  Chapter  III. 

An  analysis  of  experimental  data  has  been  done 
by  Berends  et  al^°^  using  form  factors  of  the  type  derived 
here.  The  results  are  not  altogether  satisfactory,  so  that 
more  work  must  be  done  on  this  problem. 
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CHAPTER  V  CONCLUSION 


The  analysis  of  kaon-pion  processes  done  in  this 
work  has  led  to  several  observations  concerning  the  char¬ 
acter  of  the  pion-pion  scattering  process. 

First  of  all,  in  Chapter  II  it  was  found  that  the 
tt-tt  phase  shifts  exhibit  the  most  rapid  variation  at  the 
points  where  the  form  factor  is  largest.  For  example,  in 
the  case  of  narrow  resonances,  the  phase  shifts  rise  rapid¬ 
ly  through  90°  at  the  resonance  mass.  However,  the  value 
of  | F ( k 2 ) | 2  at  the  resonance  mass  is  k2/y2  so  that  if  the 
resonance  is  very  broad,  k2/y2  could  be  less  than  1  and 
hence,  the  maximum  value  of  | F ( k 2 ) | 2  will  be  at  k2=  0.  In 
this  case,  the  phase  shift  will  have  the  steepest  slope  at 
zero  tt-tt  relative  momentum.  Similarly,  since  the  first 
parametrization  and  the  effective  range  parametrization 
form  factors  are  monotonically  decreasing  functions  of  the 
tt-tt  energy  (for  a  and  ro  of  the  same  sign  in  the  effective 
range  parametrization) ,  the  phase  shifts  vary  most  rapidly 
at  k2=  0.  This  behaviour  is  to  be  expected  because  the 
form  factor  is,  in  a  sense,  a  measure  of  the  strength  of 
the  interaction  and,  at  energies  where  the  pions  interact 
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most  strongly,  one  expects  the  scattering  to  have  the  most 
structure . 

It  was  also  noticed  that  the  phase  shifts  exhibit 
more  energy  dependence  for  more  rapidly-varying  form  fac¬ 
tors  .  This  means  that ,  for  the  first  and  third  parametri- 
zations,  the  scattering  length  is  larger  for  more  convergent 
form  factors.  However,  the  highly  convergent  form  factors 
lead  to  unrealistic  high-energy  behaviour  for  the  phase 
shifts.  The  fourth  parametrization  gives  a  good  illustra¬ 
tion  of  this  fact.  The  form  factor  converges  exponential¬ 
ly  and  produces  phase  shifts  which  actually  diverge  in  the 
high-energy  limit.  The  first  parametrization  phase  shifts 
also  behave  unrealistically  for  quickly-converging  form 
factors.  Higher  values  of  n  increase  the  rate  of  conver¬ 
gence  of  the  form  factor  and  the  corresponding  phase  shifts 
tend  to  nn  at  high  energies.  The  effective  range  paramet¬ 
rization  phase  shifts  have  perhaps  the  most  realistic  high- 
energy  behaviour.  The  phase  shifts  rise  to  a  maximum  (or 
decrease  to  a  minimum  for  a  <  0,  ro<  0)  and  then  slowly  go 
to  zero  at  high  energies.  This  is  the  behaviour  expected 
of  a  system  which  has  no  bound  state  or  resonance.  If, 
however,  an  s-wave  tt-tt  resonance  does  exist,  the  phase 
shifts  will  be  expected  to  go  to  180°  at  high  energies. 

The  first  parametrization  can  lead  to  scattering 
lengths  between  0.2  for  n  =  h  and  0.31  for  n  =  2,  and  the 
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corresponding  range  of  the  phase  shifts  at  the  kaon  mass 
is  17°  to  27°.  The  second  parametrization  can  lead  to 
scattering  lengths  between  0.04  for  M^=  510  Mev,  r  =  24 
Mev,  and  0.25  for  M^=  700  Mev,  r  =  357  Mev;  and  the  corres¬ 
ponding  6(M2)  are  between  44°  and  34°.  This  parametriza¬ 
tion  can  lead  to  phase  shifts  of  up  to  90°  in  the  limit  of 
T  -*  0  and  M^  approaching  the  kaon  mass  (No  resonances  be¬ 
low  the  kaon  mass  are  possible  since  this  would  lead  to 
the  wrong  sign  for  AM.).  The  third  parametrization,  for 
a  and  ro  of  the  same  sign,  leads  to  scattering  lengths  bet¬ 
ween  -0.2  and  0.2  and  6(M2)  between  -17°  and  17°. 

From  these  results  one  sees  that  it  would  require 
extreme  values  of  the  parameters  to  obtain  scattering 
lengths  above  about  0.4  or  6(M2)  above  45°.  If  any  of  the 
form  factors  given  provide  a  realistic  description  of  the 
tt-tt  scattering  process,  this  would  suggest  that  both  a  and 
6(M2)  are,  in  fact,  small.  Also,  a  >  0  is  preferred  be¬ 
cause,  with  a  <  0,  one  also  has  r0<  0,  which  is  unrealistic 
for  simple  scattering  processes. 

The  consideration  of  K+  3tt  decay  has  shown  that, 
if  the  pions  in  the  final  state  only  interact  in  s-waves, 
the  difference  ao-  a2  is  approximately  -0.7.  Unless  a2  is 
of  the  order  of  +1,  this  result  is  not  compatible  with  the 
results  of  Chapter  II.  However,  if  the  pions  can  also 
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scatter  in  p-waves ,  it  has  been  shown  that  a  K-p-tt  coupling 

constant  of  the  order  of  the  basic  K-3tt  coupling  constant 

will  lead  to  a  value  for  ao-  a2  which  varies  considerably 

from  -0.7*  In  particular,  for  f  ^  ^g,  then  ao-  a2^  0.25. 

w 

This  result  agrees  with  the  current-algebra  result^  , 
which  suggests  that  ao*  0.2  and  a2*  -0.06,  and  is  also  more 
compatible  with  the  results  of  Chapter  II. 

The  form  factor  derived  for  K0  decays  is  logar- 
ithmically  divergent  at  high  energies  and  leads  to  a  phase 
shift  which,  if  it  retains  its  low-energy  form  in  the  high- 
energy  region,  tends  to  zero  in  the  high-energy  limit  for 
positive  scattering  lengths  and  tends  to  -180°  for  negative 
scattering  lengths.  This  is  consistent  with  the  general 
relations  between  the  phase  shift  and  form  factor  found  in 
Chapter  II.  However,  the  phase  shift  was  derived  in  the 
low-energy  region,  so  that  one  cannot  say  much  about  its 
true  behaviour  at  high  energies. 

With  the  experimental  evidence  on  the  K-meson 
processes  considered  in  this  work  still  incomplete,  the 
conclusions  reached  are  necessarily  rather  indefinite. 

When  more  experimental  results  become  available,  however, 
the  methods  described  here  can  be  used  to  determine  the 
TT-7T  phase  shifts  and  scattering  lengths  more  precisely. 
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and  one  will  then  have  a  much  clearer  understanding  of  the 
pion-pion  scattering  process. 
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APPENDIX  A 


Calculation  of  Re  Z(M2) 


A.l  Parametrization  I 


The  principal  part  of  Equation  (II.  1)  is  evalua¬ 
ted  with  F(k2)  given  by  (II. 8).  Only  n=h  is  done  here. 

One  makes  the  substitutions 


mx 


m  dx 


k  = 


(1  -  x2 ) 


5 


(1  -  x2) 


2v3/2 


™  2 
mo 


M  m2  .  0  2  _ 

tt  -  m  ;  a  - 


So 


So-  4m2 


b2  = 


m§ 


m2  +  m2 


Then  one  can  write 


Re  Z  (M2 ) 


m2a2b 2 

Trm 2 


P 
o ' 


x2  dx 


(a2-  x 2 ) ( x 2  —  b2) 


(A.l) 


When  separated  into  partial  fractions,  the  integrals  can  be 
found  in  tables^1).  The  final  result  is 


Re  Z(M2)  = 


m2a2b  2 


27Tm2(a2-  b2) 


a  ln- 


a  +  1 


a  -  1 


1  -  b 


b  In- 


1  +  b 

( A 2 ) 


A. 2  Parametrizations  II  and  III 


84. 


For  both  Parametrizations  II  and  III,  the  integ¬ 
ral  (II.l)  has  the  form 


Re  I (M2 )  =  - 

TT 


a2  k2  dk 


o 


((a  -  k2)2+  32k2)(k2+  m2)^(k2-  mo) 


(A. 3) 


where  a  can  be  positive  or  negative.  With  the  substitu¬ 
tions 


the  first  factor  in  the  denominator  of  the  integrand  can 
be  written  as 

(k2-  oo  -  ooo)(k2-  oo  +  oo  o )  , 


and  the  integrand  can  be  separated  into  partial  fractions, 
and  each  of  the  resulting  integrals  has  the  same  form  as 
the  integral  in  Appendix  A.l.  Then,  putting 

y2  =  -oo  -  ooo  ;  y2  =  -oo  +  oo0 

o  9  2 

Y i  Y2  m0 

_  2  _  _  .  _  2  _  _  .  y.  2  _  _ 

a  i  ,  a  2  5 

Y2  -  m2  y 2  ““  m2  m2+  mo 


one  obtains  the  relation 
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Re  I (M2 ) 


or 


-2oa0 tt  ( y  i  +  mo ) 


r 

1  a2  dx 

11  b  2  dx  ' 

k  A  * 

x2-  a2  j 

x2-  b2 

/ 

(A. 4) 


+  a  similar  expression  with  y2  and  a2 


The  final  expression  is  then 


Re  Z  (M2 )  =  - 

o 7T ( y ?  +  mo )  (yi 
1  +  a2 

-  a2(yi  +  m§)  In  - 

1  -  a2 


+  m§) 


1  +  a  i 

In - 

1  -  ai 


1  +  b 

2toob  In - 

i  -  b  j 


(A. 5) 


One  sees  that  this  is  extremely  complicated  and  therefore 
it  was  found  more  convenient  to  use  numerical  methods  to 
calculate  Re  Z(M2).  Notice  that  y2  and  a2  are,  in  general, 
complex,  but  Re  Z(M2)  is  real  since  Im  y2  =  -Im  y2  and 

2  • 


Im  ai 


-Im  a 


iJ  '  o  <*  - 


rl  (d^  +  ’ 
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APPENDIX  B 


Method  of  Handling  the  Singularity  in  the 
Numerical  Calculation  of  Re  £(M2) 


A  principal  part  integration  cannot  be  performed 
directly  by  numerical  methods.  Therefore  one  must  find  a 
method  for  computing 


I 


a+e 


f(x) 


x  -  a 


dx  , 


a-e 


(A. 6) 


with  e  large  enough  to  allow  the  integration  outside  the 
above  limits  to  be  done  numerically.  Making  the  substitu¬ 
tion  5  =  x  -  a  and  expanding  f(x)  in  a  Taylor  series  about 

a,  the  expression  (A. 6)  becomes 

e 


I  = 


f ( a)  +  5f'(a)  + 


f "(a)  + 


d£  .  (A. 7) 


K 


-e 


If  e  Is  sufficiently  small  so  that  f  and  its  derivatives  do 
not  change  much  in  the  range  2e,  then  I  «  2ef’(a)  ,  or 


I  =  f (a  +  e)  -  f (a  -  e) . 


In  this  problem,  e  was  chosen  to  be  0.05  m2  ,  and  for  the 
form  factors  used  here,  the  approximation  is  excellent. 


- 


-■ 

■  ,  I 
? 
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APPENDIX  C 


Calculation  of  6(s) 

C.l  Parametrizat ion  I 

F(s)  is  given  by  Equation  (II.  8).  Evaluate  Eq¬ 
uation  (II. 6)  using 


n 


g(s  ’  )  = 


s ' -4m2 


In 


1  + 


s'-  4m2 


so 


Then,  one  has 


(s  -  4m2)'if(s) 


P 

TT 

4m2 


00 

f  s'-  4m2) 

In 

1  +  - 

so 

(s'-  4m2 ) ^( s ' -  s) 


ds 


♦  i 

TT 


(s'-  4m2 )^g( s ' )ds ’ 


+  C 


4m : 


The  second  integration  is  a  constant  which  is  cancelled  by 
C.  (Here,  the  boundary  condition  (II. 7)  is  used.)  Then, 
making  the  substitution  s’  =  u2+  4m2,  one  obtains 


<>oo  f  2 
U 


(s  -  4m2)^f(s)  =  2n  ^ 


In 


so 


+  1 


du 


which  can  be  found  from  tables 


o 

( 31 ) 


u2-  s  +  4m: 


The  final  result  is 
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6(s)  =  2n  arctan 


s  -  4m2 


s  0  j 


(A. 8) 


C.2  Parametrization  II 


Making  the  substitution  s  =  u2+  4m2  and  using  the 


fact  that 


du 


o 


u 1 2  -  u2 


0  a 


the  integrand  in  Equation  (II. 6)  can  be  separated  into  par¬ 
tial  fractions  and  the  right-hand  side  can  be  written 


R.H.S.  =  constant  -  — 

IT 


’ln((u2-  u,2)2+  4u,2y2)du 


u’2  -  u2 


where 


u  =  (s  -  4m2)'1  =  2k 

r  r  r 


and 


u  =  (s  -  4m2)2  =  2k 


Then,  changing  the  variables  to  x  =  u/y ,  defining  co  = 


x  2  -  1  ,  and  noting  that  the  integral  is  symmetric  in  uT 

(or  in  x ’ ) ,  one  has 


1 


R.H.S. 


27ry 


’ln((xT-  oo)2+  l)  dx 


x  ’  2  -  x2 


(A. 9) 
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plus  the  same  expression  with  to  -to.  This  expression  can 
be  evaluated  by  taking  the  real  part  of  the  appropriate 
contour  integration.  Now,  the  expression  (A. 9)  can  be  sep¬ 
arated  into  four  contour  integrations,  each  of  which  has  a 
cut  which  must  not  be  crossed  by  the  contour.  The  four 
cuts  start  at  to+i  ,  to-i  ,  -to+i  ,  and  -to-i,  and  extend  to 
infinity  without  crossing  the  real  axis.  The  contours  for 
the  integrations  corresponding  to  the  first  and  third  cuts 
must  be  closed  in  the  lower  half-plane  and  the  other  two 
must  be  closed  in  the  upper  half-plane. 

Performing  the  contour  integrations,  one  finds 

i  (x  -  oo  +  i)  (x  +  co  +  i) 

R.H.S.  =  -  In  - 

2yx  (x  -  co  -  i)(x  +  00  -  i ) 


Then,  using  the  identities 


1  1  +  iy 

-  In  -  =  arctan  y  , 

21  1  -  iy 

x  +  y 

and  arctan  x  +  arctan  y  =  arctan  - 

1  -  xy 


substituting  back  in  terms  of  the  original  variables  and 
applying  the  boundary  condition  (II.7)S  one  finally  obtains 


4m2  ' 

s  J 


arctan 


yk 


(A. 10) 


8  ( s ) 


arctan 


. 
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C.3  Parametrization  III 


The  form  factor  for  Parametrization  III  is  the 
same  as  that  for  Parametrization  II  with  y/k2  ->  a  ,  and 
k£  -*  2/ar0  .  Then 


6  (k) 


arctan 


ak 


1  +  ^ar0k 


(A. 11) 


C.4  Parametrization  IV 


C .  4 . a  G( s )  =  a 

With  the  substitution  s  =  u2+  4m2  ,  Equa¬ 
tion  (II. 6)  can  be  written 


This 


-2sa 

R.H.S.  =  -  P 

7T 


U 


0 


can  be  found  in  tables 


(u’2- 

(3D 


'  2  du’ 

s  +  4m  2  )  ( u f  2  +  4m2) 
,  and  the  result  is 


6(s)  =  3 ( s  -  4m2 ) ^  3 


where  3  =  2ma  +  C3  which  cannot  be  determined  from  the 
boundary  condition  (II.7)« 


a 

(s  -  4m2 )'*■ 


C.  4.b 


G(s) 
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The  substitution  s  =  x  +  4m2  and  a  separation  of  (II. 6) 

into  partial  fractions  leads  to  integrals  which  are  found 
('ll) 

in  tables^ J  .  The  result  is 


<5  ( s ) 


(A. 12) 


a 

C.4.c  G(s)  =  - 

/  s 

The  substitution  s  =  4m2/(l  -  x2)  leads  to 

the  expression 


i 

,  -2aP 

(s  -  4m2)^f(s)  =  -  - 

* 

o 

which  can  be  found  in  tables.  Then 
condition  (II. 7),  one  has 


x2  dx 


1  - 


4m2) 


applying  the  boundary 


7T 


’  sS  (s  -  4m2  )h  ' 
s5*-  (s  -  4m2)58 

N  '  J 


6(s) 


In 


(A. 13) 
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APPENDIX  D 


Relation  of  y  to  Full  Width  r 


In  the  resonance  parametrization  one  may  write 


1 


F2  ^ 


,  n2  ,  l6k2y2 

(to  -  to)  +  — rz ■ 

r  ( 00  +  to)z 


where  oo^  is  the  mass  of  the  resonance  and  00  =  /s  is  the 
centre-of-mass  energy  of  the  two-particle  system.  Now  de¬ 


fine  a  and  by 


CO  +  —x~ 

r  2 


co  (1  +  a) 
r 


aco' 


Then,  to  first  order  in  a  ,  k/  =  k2  + 

3  3  h  r 


.  Also, 


( cOi  +  co  )2  =  4co 2  ( 1  +  a)  and  (to-,-  co  )2  =  co2a2  .  Now, 
^2.  r  r  ^r  r  3 


1 


h  F2 


2~::r 


max 


Wy 

coz 


and,  equating  this  to  the  value  of  F  at  to  =  w:  ,  one  has 


8k2y  2 

- — —  =  co2a2  + 

a)2 


aco 

2  ,  r 


4  ( k  +  — 5 
r  2 


Or 


co2  ( 1  +  a) 
r 


This  can  be  written  in  the  form 


' 
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r2 


4(io£  -  4m2  )y2 


1 


(A. 14) 


For  narrow  resonances,  the  second  term  on  the  right-hand 
side  may  be  neglected.  The  broad  resonances  have  been  seen 
to  occur  at  higher  energies,  where  co2  'v  4k2  ,  so  that 


1  %  1 


Notice  that  the  first  term  on  the  right-hand  side  of  (A.14) 
is  approximately  4y2  at  high  energies.  Therefore,  one  can 
make  the  approximation  a  -  y/oo^  .  Then,  retaining  terms 
only  up  to  first  order  in  y/oo^,  one  finally  has 

s  -  4m2 
r 

s 

v  r 


2 

Y 

1 - 

2/s_ 

r 


(A. 15) 
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APPENDIX  E 

('2  9') 

Using  the  N/D  method  ,  one  writes 


1  +  ^ar0k  -  iak 
A 

where  N  =  -  (A.16) 

k2  +  a2 

approximates  the  left-hand  cut  (i.e.  the  dynamical  proper^ 
ties  of  the  system) .  A  is  the  strength  of  the  interaction 
and  1/a  represents  the  range  of  the  interaction.  D  can  now 
be  easily  determined  from  the  above  relations.  The  zeroes 
of  D  represent  bound  states  of  the  system  when  they  occur 
in  the  range  k2<  0  on  the  first  Riemann  sheet  of  k2  (For 
a  discussion  of  this  point,  see  Reference  (12)).  The  ze¬ 
roes  of  D  occur  at 


k  =  ia 


A  -  2a 


A  +  2  a 


which  can  be  written  in  terms  of  a,  r0  and  a  as 


Im  k  =  - 


ar  oa 


(A, 17) 


Now,  a  >  0  since  1/a  represents  the  range  of  the  forces. 


. 
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so  that  if  a  and  r0  have  opposite  signs,  this  form  factor 
generates  bound  states .  It  was  found  that  for  a  >0,  only 
the  case  a  <  0,  r0>  0  could  occur,  and  not  a  >  0,  r0<  0. 

If  r0<  0,  a  >  0  ,  the  form  factor  has  the  form  of  a  reso¬ 
nance;  therefore,  a  simple  model  for  the  forces  like  (A.l6) 
can  never  generate  a  resonance.  However,  for  more  compli¬ 
cated  models,  possibly  a  >  0,  ro<  0  could  occur. 


APPENDIX  F 


Calculation  of  the  Integral  (III. 4) 

Defining  the  quantities  to  =  P/2  and  k!  =  k  -  P/2, 
Equation  (III.  4)  may  be  rewritten  as 


-i 


I  = 


2  (  2tt  ) 


^Ir  f 


dHk 


( ( k 1  -  to)2  -  m  2  }  ( ( k '  +  to)2  -  m2) 


If  one  now  defines  to’2  *  k,2+  m2,  the  poles  of  the  left- 
hand  term  in  the  denominator  are  at 


i 

04 

3 

1 

o 

X 

£ T 

2  -  m2  +  ie 

or 

k  '  0  = 

to 

+  to’  -  ie 

0 


and  for  the  right-hand  term  the  poles  are  at  k’  =  -to  + 
to’  -  ie  .  Then,  after  doing  the  k°  contour  integration  by 
closing  the  contour  in  the  lower  half-plane,  one  is  left 


1 

*00 

k  ’  dto  ’ 

P 

I(u)  =  - 

- - - -  +  i tt6 ( to t  -  to) 

16it2 

3 

+ 

3 

3 

1 

3 

_ / 

m 


where  the  part  in  brackets  arises  because  the  k'  integrand 
is  singular.  This  integral  is  logarithmically  divergent 
so  that  a  subtraction  is  made  at  the  point  to  =  too,  k  =  ko  . 
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One  makes  the  substitutions 


00 


I 

and  similar  substitutions  defining  x’  and  xo,  and  Intro¬ 
duces  a  cutoff  In  k  at  A,  or  at  x  =  x(A).  Then,  after  sep 
arating  the  Integrand  into  partial  fractions,  one  obtains 


Re  I(oo) 


l6r 


f  In- 


1  -  x 


1  +  x 


-  \  lu- 


x( A)  -  1 


In- 


1  -  x 


1  +  x 


+  \  In- 


x ( A)  -  1  I 


where  x(A)  1.  The  divergence  is  removed  by  the  Introduc¬ 
tion  of  the  subtraction  term.  Then,  substituting  back  in 
terms  of  k  and  co,  the  final  result  Is 

t-  co  —  k  v  oo0-  ko 

Re  I(w)  *  -  In— - -  -  ^  In— — ■  .  (A. 18) 

0)  ^  CO  0  „ 

m  m 


The  imaginary  part  of  I(oo)  can  be  calculated  im¬ 
mediately  because  of  the  6-function.  The  result  is 

Im  I(co)  *  — —  —  .  (A. 19) 

32tt  co 


This  term  can  be  neglected  in  Chapter  III. 


- 
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